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Abstract. These Lectures are based on a course on noncommutative geom- 
etry given by the author in 2003. The lectures contain some standard material, 
such as Poisson and Gerstenhaber algebras, deformations, Hochschild cohomology, 
Serre functors, etc. We also discuss many less known as well as some new results 
such as noncommutative Chern-Weil theory, noncommutative symplectic geometry, 
noncommutative differential forms and double-tangent bundles. 
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1. Introduction 



This is an expanded version of a course given by the author at the University 
of Chicago in Winter 2003. A preliminary draft of lecture notes was prepared by 
Daniel Hoyt at the time of the course. The present version is about twice as large as 
the original notes and it contains a lot of additional material. However, the reader 
should be warned at the outset that the version at hand is still a very rough draft 
which is by no means complete. I decided to make the text public 'as is' since there 
is a real danger that a more perfect and more complete version will not appear in 
a foreseeable future. 

In these lectures we will not attempt to present a systematic treatment of 
noncommutative geometry since we don't think such a theory presently exists. 
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Instead, we will try to convey an (almost random) list of beautiful concrete examples 
and general guiding principles which seem certain to be part of any future theory, 
even though we don't know what that theory is going to be. Along the way, we will 
try to formulate many open questions and problems. 

To avoid misunderstanding, we should caution the reader that the name 'non- 
commutative geometry' is quite ambiguous; different people attach to it different 
meanings. Typically, by noncommutative (affine) algebraic geometry one under- 
stands studying noncommutative algebras from the point of view of their similarity 
to coordinate rings of affine algebraic varieties. More generally, (a not necessarily 
affine) noncommutative geometry studies (some interesting) abelian, resp. trian- 
gulated, categories which share some properties of the abelian category of coherent 
sheaves on a (not necessarily affine) scheme, resp. the corresponding derived cate- 
gory. 

It is important to make a distinction between what may be called noncommu- 
tative geometry 'in the small', and noncommutative geometry 'in the large'. The 
former is a generalization of the conventional 'commutative' algebraic geometry to 
the noncommutative world. The objects that one studies here should be thought of 
as noncommutative deformations, sometimes referred to as quantizations, of their 
commutative counterparts. A typical example of this approach is the way of think- 
ing about the universal enveloping algebra of a finite dimensional Lie algebra g as a 
deformation of the symmetric algebra S{q), which is isomorphic to the polynomial 
algebra. 

As opposed to the noncommutative geometry 'in the small', noncommutative 
geometry 'in the large' is not a generalization of commutative theory. The world 
of noncommutative geometry 'in the large' does not contain commutative world 
as a special case, but is only similar, parallel, to it. The concepts and results 
that one develops here, do not specialize to their commutative analogues. Consider 
for instance the notion of smoothness that exists both in commutative algebraic 
geometry and in noncommutative algebraic geometry 'in the large'. A commutative 
algebra A may be smooth in the sense of commutative algebraic geometry, and at 
the same time be non-smooth from the point of view of noncommutative geometry 
'in the large'. An explantation of this phenomenon comes from operad theory, see 
e.g. [JVlSSj , |GiK| , |Kalj . Each of the mathematical worlds that we study is governed 
by an appropriate operad. Commutative geometry is governed by the operad of 
commutative (associative) algebras, while noncommutative geometry 'in the large' 
is governed by the operad of associative not necessarily commutative algebras. In 
this sense, it would be more appropriate to speak of 'associative geometry' instead 
of what we call noncommutative geometry 'in the large'. There are other geometries 
arising from operads of Lie algebras, Poisson algebras, etc. 

Many interesting and important topics of noncommutative geometry are com- 
pletely left out in these notes. For example, I have not discussed noncommutative 
projective geometry at all. The interested reader is referred to [St] and |SvBI for an 
excellent reviews. Some additional references are given in the bibliography at the 
end of the lectures. 

Basic notation. Throughout this text we fix k, an algebraically closed field of 
characteristic zero, which may be assumed without loss of generality to be the field 
of complex numbers. By an algebra we always mean an associative, not necessarily 
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commutative, unital k-algebra. If A is an algebra, we denote by ^-mod, mod-A 
and j4-bimod the categories of left A-modules, right A-modules and ^-bimodules, 
respectively. We write (S) = (S)k- 

Acknowledgments. I would like to thank D. Boyarchonko for providing proofs of several 
results claimed in the course without proof and to D. Hoyt for making preliminary notes 
of the course. 

I am very much indebted to Maxim Kontsevich for generously sharing with me his 
unpublished ideas. I have benefited from many useful discussions with Bill Crawley- 
Boevey, Pavel Etingof, Mikhail Kapranov, Toby Stafford, Boris Tsygan, and Michel Van 
den Bergh. 

This work was partially supported by the NSF. 

2. MoRiTA Equivalence 

2.1. Categories and functors. We remind the reader some basic concepts in- 
volving categories and functors. 

Recall that a category where Hom-spaces are abelian groups and such that the 
notion of direct sum (also called coproduct) of a family of objects is defined is called 
an additive category. 

A functor : ^ is fully faithful if F is an isomorphism on every set of 
morphisms, and that F is essentially surjective if for every object X G "^2, there is 
some y e ^1 such that X and F{Y) are isomorphic. 

The most commonly used way to establish an equivalence of categories is pro- 
vided by the following 

Lemma 2.1.1. Let ^(fi and "^2 be two abelian categories, and let F: '^i ^ '^2 be 
an exact, fully faithful, essentially surjective functor. Then F is an equivalence of 
categories. □ 

Let Sets be the category of sets. For any category functors from ^ to 
Sets form a category Fim(^, Sets). Now, any object X £ gives rise to the 
functor Hom<g'(X, — ) : "if ^ Sets. It is straightforward to check that the assignment 
X I — > Hom<^(X, — ) extends to a natural contravariant functor ^ — > FunC^, Sets). 

Lemma 2.1.2 (Yoneda lemma). The functor ^ — > FunC^, Sets) induces isomor- 
phisms on Hom 's, in other words, it is a fully faithful functor. 

Write Ab for the category of abelian groups. 

Definition 2.1.3. An object P of an abelian category ^ is said to be projective if 
the functor Hom^(P, — ) : ^ Ab is exact. 

In other words, P is projective if given a short exact sequence 
^ M' ^ M ^ M" ^ 

in 'j^, we have that 

^ Hom^(M', P) Hom.^(M, P) ^ Hom.^(M", P) ^ 

is exact in Ab. An object G of is called a generator if Hom-j^ (G, A) is nonzero 
for every nonzero object A of 
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Definition 2.1.4. Let '£ be an additive category with arbitrary direct sums (also 
referred to as coproduct). An object X of "i^ is called compact if, for an arbitrary 
set of objects of and a morphisni f : X ^ ^^a, there exists some finite set 

F C I such that Im/ is a subobject of ^^g^ Mq. 

An easy consequence of the definition of compactness is the following 

Lemma 2.1.5. An object X in an abelian category ^ (with arbitrary direct sums) 
is compact if and only if the functor Hom^(X, — ) commutes with arbitrary direct 
sums, that is 

Hom<^(X, ®„eAy„) = (S^eA Hom-j? (X, □ 
Lemma 2.1.6. Let A be a ring and M an A-module. 

(i) If M is a finitely generated A-module, then M is a compact object of A-mod. 

(ii) // M is projective and is a compact object of A-mod, then M is finitely 
generated. 

Proof, (i) is obvious. To prove (ii), assume M is projective, and choose any sur- 
jection p : A®^ -» M , where J is a possibly infinite set. There exists a section 
s : M ^ A®^ . If M is compact, the image of s must lie in a submodule A®'' C A®^ 
for some finite subset J C I. Then is still surjective, which shows that M is 

finitely generated. □ 

The following result provides a very useful criterion for an abelian category to 
be equivalent to the category of left modules over a ring. 

Proposition 2.1.7. Let be an abelian category with arbitrary direct sums. Let 
P ^ ^€ be a compact projective generator and set B — (End<^P)°P. Then the 
functor Hom<g'(P, — ) yields an equivalence of categories between and _B-mod. 

Proof of Proposttion \m\ W e will show that F{X) = Rom<^{P, X) is fully faithful 
and then apply Lemma l^.l.ll 

We wish to show that there is an identification between Hom<^(X, M) and 
llomB-mod{F{X), F{AI)) for all AI E '^i . Since P is a generator, we deduce that 
Hom<^(P,Af) ^ 0. Define 

/eHom^(P3f) 

by ^ips) E/eHom^(RM) fiPf) (t^^is sum is finite). Let L = Imip. Then i is a 
submodule of M, and if it is not all of M then AI/L is nonzero, hence there is some 
nonzero map P AI/L. But this map lifts to a map to M, and the image of this 
lift must include points not in L, which is a contradiction. So, every M g A-mod 
can be written as a quotient of P®^ for some cardinal T. Let K denote the kernel, 
and take P®^ surjecting onto K. Then composing this with the inclusion of K into 
p®T yields the exact sequence 

p®S ^ p®T ^ ^j- ^ Q 

Since P is projective, Hom^'(P, — ) is exact. Hence, 

Hom<g'(P, P®^) ^ Hom.^(P, P®'^) Hom<^(P, M) 
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is exact. Since P is finitely generated (i.e., compact), it commutes with arbitrary 
direct sums (see Lemma 12. 1.51 So, using exactness of tlie above sequence it suffices 
to clreck ttiat Hom<g'(X,P) = Hom(F(X), i^(P)). Since F{P) = End^ P = S°p, 
this is automatic. □ 

We need two more definitions. 

Definition 2.1.8. Let and be two categories, and let F,G : ^ '^2 be two 
functors. A morphism (jj: F G is a natural transformation, i.e., a collection of 
morphisms 

0x: F{X)^G{X) 

for each X e such that for any morphism f : X ^ Y {Y E 'i^i), the following 
diagram commutes: 

F{X) G{X) . 



G{f) 



F{Y) — G{Y) 

In particular, if is an abelian category, we have the identity morphism id'^ : '^S' — > 
We define the center = End(id<ir). 

Exam-pie 2.1.9. It is a worthwhile exercise to check that Z(CohX) ~ 0{X) for any 
algebraic variety (where 0{X) is the ring of global regular functions on X). 

Lemma 2.1.10. Let A he a associative algebra. Then Z(y4-mod) = Za- 

Proof. Choose an element z S Z^. Define an endomorphism of id<^ by setting 
(px to be the action of z on the module X. Since z is central, this is a module 
homomorphism and it commutes with all module maps, that is, the diagram 




Conversely, suppose an endomorphism 0: id-jf — ^ id<^ is given. Set z = (I)a{Ia)- We 
need to check that this is indeed central. Choose any a G A, and define the left 
v4-module map f: A Ahy f{x) — xa. Then since </) is a morphism, we know 
that f o(j)A = 4>A° f- So, 

za = (j>AilA)a = (/ o (f)A){iA) 

= {(f>A o /)(lyi) = 0A(a) = a(f>AilA) = az. 

So, z € Za- It is clear that this association is an algebra homomorphism. □ 

2.2. Algebras and spaces. One of the cornerstones of geometry is the equivalence 
of categories of spaces and categories of algebras. For example, the Gelfand theo- 
rem asserts an (anti)-equivalence between the category of locally compact Hausdorff 
spaces with proper maps and the category of commutative C*-algebras. Similarly, in 
algebra, one has an (anti)-equivalence between the category of affine algebraic vari- 
eties and the category of finitely generated commutative algebras without nilpotent 
elements. A first step to such an equivalence in algebraic geometry is by associating 
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to each scheme X its structure sheaf Ox- However, this is unsatisfactory since Ox 
exphcitly refers to the space X, since it is a sheaf on X. 

One way to resolve this difficulty is to forget about scheme X altogether, and 
to consider instead the abelian category Coh{X) of coherent sheaves over X. The 
space X can be reconstructed in a natural way from this category. 

A first step in considering such abelian categories is to look at the category 
A-mod of left modules over an associative algebra A. One would hope that the 
category A- mod should uniquely determine A up to isomorphism. It turns out 
that this is the case for commutative associative algebras, but not for arbitrary 
associative algebras. 

Definition 2.2.1. Let A and B be associative, not necessarily commutative, alge- 
bras. Then we say that A and B are Morita equivalent^ if there is an equivalence 
of categories between A-mod and S-mod. 

Morita equivalence of two commutative algebras is particularly simple. 

Proposition 2.2.2. Commutative algebras A and B are Morita equivalent if and 
only if they are isomorphic. 

Proof of Provosition \2. 2. M Clearly isomorphic algebras are Morita equivalent. Now 
suppose that A and B are Morita equivalent associative algebras. Then yl-mod ^ 
B-mod, so certainly we have that Z(A-mod) ~ Z(_B-mod). If A and B are both 
commutative, then by Lemma [2 . 1 . 1 01 we have A = Za and B — Zb- □ 

Example 2.2.3. Given an algebra A and an integer n > 1, let Mat„(yl), be the 
algebra of n x n-matrices with entries in A. A typical example of Morita equivalence 
involving noncommutative algebras is provided by the following easy result. 

Lemma 2.2.4. For any algebra A and any integer n > 1, the algebras A and 
Mat„(A) are Morita equivalent. 

Note that even if A is a commutative algebra, the algebra Mat„(A) is not 
commutative for any n > 1. 

Proof. Let en G Mat„(A) be the matrix with entry 1 at the 1x1 spot, and zeros 
elsewhere. It is clear that the algebra en • Mat„(A) • en is isomorphic to A. On the 
other hand, it is clear that multiplying the matrices with arbitrary entry a d A at 
the 1x1 spot, and zeros elsewhere by other matrices from Mat„(k) C Mat„(A), one 
can obtain, taking linear combinations, every A- valued n x n-matrix. Thus, we have 
shown that Mat„(A) = Mat„(^) • en • Mat„(yl) and that A ~ en • Mat„(A) • en- At 
this point, the result follows from the general criterion of Corollarv l2.3.4l below. □ 

Thus, in general, the algebra A can not be recovered from the corresponding 
abelian category A-mod. Therefore, in order for a concept in noncommutative 
geometry to have an intrinsic meaning, that concept must be Morita invariant. 
In particular, the question of which properties of an algebra are Morita invariant 
becomes very important. 
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2.3. Morita theorem. The main result about Morita equivalent algebras is pro- 
vided by the following^ 

Theorem 2.3.1. Let A and B he two rings, and F : A-mod B-mod an ad- 
ditive right exact functor. Then there exists a {B,A)-bimodule Q, unique up to 
isomorphism, such that F is isomorphic to the functor 

^-mod — > B-mod, Mi — >QiS)aM. 

Proof. The uniqueness of Q (if it exists) is clear, since we have Q = Q(^aA = F{A). 
To prove existence, let Q = F{A); by assumption, this is a left B-module. Moreover, 
for every a € A, the operator pa of right multiplication by a is an endomorphism 
of A as a left A-module, whence we obtain a ring homomorphism A°p EndBiQ), 
a I— > F{pa). This homomorphism makes Q into a (B, j4)-bimodule. 

Now, for every M G A-mod, we define, functorially, a _B-rnodulc homomorphism 
Q®aM ^ F{M). Let us first define a Z-bilinear map 0m : <9 x M ^ F{M). An 
element m G M gives rise to an j4-module homomorphism ■ A ^ M, a-m. 
We define (j)M{q,fn) = F{pm){q). Now since F{pm) is a B-module homomorphism, 
the map (f)M commutes with left multiplication by elements of B. Also, if a e A, 
then 

4>M{qa,m) = F{pm){F{pa){q)) = F{pm0Pa){q) = F{pam){q) = (t>M{a,qm), 
whence (jjM descends to a left B-module homomorphism ijjM '■ Q ®a M — > F{M). 

It is obvious that iJjm is functorial with respect to M. Moreover, by construc- 
tion, tpM is an isomorphism whenever M is free. In general, we use the fact that 
both F and the functor Q 0^ — are exact. Given any left ^-module M, choose 
an exact sequence Fi ^ Fq ^ M 0, where Fq and Fi arc free ^-modules, and 
apply both functors to this sequence. Using the morphism of functors, we get a 
commutative diagram, and the Five Lemma finishes the proof. □ 

Corollary 2.3.2. Two rings, A and B, are Morita equivalent if and only if there 

exist an {A, B)-himodule P and a [B , A)-himodule Q such that P ®b Q = A as 
A-bimodules and Q (Sa P = B as B-birn,odules. Under this assumption, we have 

End^.^od(P) = B°P, opand End^.^odlO) = . 
Moreover, P is projective as an A-module and Q is projective as a B-module. 

Proof. Equivalences of categories are exact functors and preserve projective objects. 

□ 

Corollary 2.3.3. // A and B are Morita equivalent rings, then the categories 
mod-j4 and mod-S are also equivalent. Moreover, there is a natural equivalence of 
categories A-bimod B-bimod which takes A to B (with their natural bimodule 

structures). 

Proof. Let P and Q be as in the previous corollary. For the first statement, use the 
functors — 0^ P and — ®bQ- For the second statement, use the functor 

Q <S)A - ®A -P : A-bimod — > B-bimod. □ 



The exposition below follows the notes prepared by M. Boyarchenko. 
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Let A be a ring and e — A an idempotent. Clearly, eAe is a subring in A 
and Ae is naturally an {A, eAe)-bimodule and eA is an {eAe, A)-biniodulc. Note 
that e is the unit of the ring A. We see that the inclusion map eAe ^ A is usually 
not a ring homomorphism, and A is not an e^e-module in a natural way. 

For any left yl-module M, the space eM has a natural left e^e-module structure. 

Corollary 2.3.4. Let A be a ring ande £ A an idempotent. The functor A-mod > 

_B-mod, AI I — > eM is a Morita equivalence if and only if AeA = A. In this case, 
an inverse equivalence is given by the functor N i — > Ae ®eAe N. 

Remark 2.3.5. Observe also that there exist rings R such that R x R ^ R (for 
example, take R to be the product of an infinite number of copies of some fixed 
ring). Now for such a ring, let A = R x R and e = (1, 0) G A. Then eAe — R'^ A, 
and in particular, eAe is Morita equivalent to A, but we have AeA — Rx {0} A. 

Proof. Assume that AeA = A. We claim that eA (E)a Ae = eAe as ej4e-bimodules 
(in fact, this holds regardless of the assumption on e). Note that eA is a direct 
summand of ^4 as a right ^-module: A = eA(B(l~e)A. Similarly, A = Ae(BA{l~e). 
Now the multiplication map A® a A Ais obviously an A-bimodule isomorphism, 
and it clearly restricts to an isomorphism eA Ae — > eAe of e^e-bimodules. 

Now we also claim that Ae iS)eAe eA^ A as A-bimodules. We have the natural 
A-bimodulc map Aei^^AeeA — > A given by multiplication. We can write down an 
explicit inverse for this map. Namely, since AeA — A, there exist elements aj, bj € 
A such that 1 = J2j ^j^^j- We define a map of abelian groups f : A ^ Ae (XieAe eA 
by / (fl) = '^'^j ^ ® ^^j ■ It is obvious that mo f ~ id a ■ We must check that f om 
is also the identity. We have 



Remark 2.3.6. Let us write ^-mod / for the category of finitely generated ^-modules. 
In the situation of Theorem l2.3.1l it is clear that the functor F takes A-mod f into 
B-mod / if and only if Q is finitely generated as a B-module. We claim that this is 
always the case whenever F is an equivalence; in particular, if A and B are Morita 
equivalent rings, then the categories ^-mod / and i3-mod / are equivalent. The proof 
is based on the notion of a compact object. In particular, if F : ^-mod _B-mod 
is an equivalence of abelian categories, then F{A) must be a compact object of 
B-mod, but it is also projective, whence finitely generated. 



3.1. We recall the definitions of derivations and super-derivations. 

Let A be an algebra, and let M be an A-bimodule. A k-linear map S: A M 
is called a derivation if it satisfies the Leibniz rule, that is, if 

S{aia2) = aid{a2) + S{ai)a2 for all ai, a2 £ A. 




We leave the rest of the proof to the reader. 



□ 



3. Derivations and Atiyah algebras 
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We let Der(yl, A/) denote the k- vector space of all derivations from A to M . 
For any m £ m, the map ad m : M ^ M , a i~-> ma — am gives a derivation of M . 
The derivations of the form adm, m e M, are called inner derivations. We write 
Inn(A. M) C Der(^, M) for the space of inner derivations, and Z(Af) = {m S M \ 
am ~ m,a, Va G A\, for the ^center' of ^-bimodule M . Thus, we have the following 
exact sequence 

— > Z{M) — > M ^ Der(^,M) — > Der(^, M)/ Inn(yl, Af ) — > 0. (3.1.1) 

Remark 3.1.2. If the algebra A is commutative, then any left yl-module M may 
be viewed as an A-bimodule, with right action being given by m ■ a :— a ■ m, Wa £ 
A,m £ M (this formula only gives a right ^-module structure if A is commutative). 
Bimodules of that type are called symmetric. Thus, given a left A- module viewed 
as a symmetric A-bimodule, one may consider derivations A M . 

In the special case that Af = ^, we abbreviate Der(A, A) to Dei{A), resp. 
lnn{A,A) to Inn(A). It is an easy calculation that Der{A) is a Lie algebra under 
the commutator, and that inner derivations form a Lie ideal Inn(j4) in Der(A). It 
is also straightforward to check that the assignment a i — *■ ad a is a Lie algebra map 
(with respect to the commutator bracket on A), whose kernel is the center, Za, of 
the algebra A. 

The inter-relationships between A,Za, and Der(A) are summirized in the fol- 
lowing result which says that Der(A) is a Lie algehroid on SpecZ^i, see Sect. 16.51 

Proposition 3.1.3. (i) The Lie algebra Der(A) acts on A, and this action preserves 
the center Za C A. 

(ii) For any z G Za and 9 G T)ct(A), the map z9 : a z ■ 9{a) is again a 
derivation of A. The assignment 9 t-^ z9 makes Der(v4) a ZA-module. 

(iii) For any 9,5 £ Der(A) and z G Za, one has 

[z9,5]^ z[9,5]~5{z)9. □ 

Example 3.1.4. Let A — Ik[X], be the coordinate ring of a smooth afhne variety X . 
For each x G X, let vn.x ~ {f £ A \ f{x) — 0} he the corresponding maximal ideal 
in A. Then hx — A/mx is a 1-dimensional A-module (which we will also view as 
an A-bimodule). 

Given x £ X, let TxX be the tangent space at x. For any tangent vector 
^ G TxX, differentiating the function / with respect to ^ gives a map A B f i — > 
= dfiOlx G Ik- This map is a derivation : A ^ kx- It is an elementary 
result of commutative algebra that this way one gets an isomorphism 

TxX Der(Ak), ^^d^. 

On X, we have the tangent bundle TX — > X. We write .S'x for the tangent 
sheaf, the sheaf of algebraic sections of the tangent bundle. This sheaf is locally 
free since X is smooth, the sections of are nothing but algebraic vector fields 
on X. Write ^{X) :— T{X, .!7x) for the vector space of (globally defined) algebraic 
vector fields on X. Commutator of vector fields makes ,'T{X) a. Lie algebra. 

For any algebraic vector field ^on X, the map h[X] 3 f ^ S^f gives a derivation 
of yl = k[X]. This way one obtains a canonical Lie algebra isomorphism 

.Sr{X) Der(A), where A = k[X]. 
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Note that the product of a function and a vector field is again a well-defined 
vector field, in accordance with part (ii) of Proposition 13. f .31 

Remark 3.1.5. Let A be an associative algebra. A derivation 6 : A ^ A may be 
thought of, heuristically, as a generator of an 'infinitesimal' one-parameter group 
£ 1-^ cxp(e • 6) — id A + e ■ d + ^e'^ ■ 6° S + . . . , oi automorphisms of A. To formalize 
this, introduce the ring k[e]/((e2)), called the ring of 'dual numbers', and form the 
tensor product algebra k[e]/{{e'^)) (X) A. To any linear map / : ^ ^ ^ we associate 
the map 

F : A^ k[e]/{{e^)) ® A, a i — > F{a) := a + e ■ f{a). 

Here, we think of e as an 'infinitesimally small' parameter, so, up to higher powers 
of e, one has F = Id -I- e • / ~ exp(£ • /). Thus, the map F may be thought of as 
a family of maps A ^ A 'infinitesimally close' to the identity. Now the equation 
F{a ■ a') — F{a) ■ F{a'), Va, a' G A, saying that our family is a family of algebra 
homomorphisms, when expressed in terms of /, reads (recall that = 0): 

a-a' + e- f{a-a')^a-a' + s- {a ■ f{a') + f{a) ■ a')), Va, a' € A. (3.1.6) 

Equating the coefficients in front of e, we see that (|3.1.6|) reduces to the condition 
for / to be a derivation, as promised. 

Let Aut(A) denote the group of all (unit preserving) automorphisms of the 
algebra A. Thus, if we think of Aut(A) as some sort of Lie group, then the 'Lie 
algebra' of that group is given by 

LieAut(A) = Dei {A). 

Moreover, one can argue that the Lie bracket on the left-hand side of this formula 
corresponds to the commutator bracket on the space of derivations on the right. 

3.2. Square-zero construction. We would like to extend the intuitive point of 
view explained in Remark 13. 1.51 to a more general case where 9 G T)er{A, M) for an 
arbitrary A-bimodule AI . This can be achieved by the following general construc- 
tion. 

Suppose we are considering some class of algebraic structure, be it associative 
algebras, Lie algebras, Poisson algebras, etc. We also wish to discuss modules 
over these algebras. There is a natural way of defining what the "correct" module 
structure is for a given type of algebra called the square zero construction. Suppose 
that A is some sort of algebra over k and that M is a k- vector space. We wish to 
give M the type of module structure appropriate to the structure of A. Consider 
the vector space A M. Then giving a correct "bimodule" structure on M is 
equivalent to giving an algebra structure on A(B M such that 

(i) the projection A® M ^ A is a.n algebra map, and 

(ii) M 2 = and M is an ideal. 

It is easy to see this principle at work. If A is an associative algebra and M is 
an ^-bimodule, then A M is an associative algebra under the multiplication 
(a ® m){a' ® m') := aa' © (am' -I- ma'). Indeed, = 0, M is an ideal, and the 
projection A(B M ^ A is an algebra map. This is a rather trivial case, however. 

Lemma 3.2.1. A linear map 9: A M is a derivation if and only if the map 
A^M — > A'^M given by (a, m) t-^ {a,m + 9{a)) is an algebra automorphism. 
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Thus, for an arbitrary bimodule M we may think of derivations 6 G Der(A, M) 
as 'infinitesimal automorphisms' of the algebra A'^M. 

3.3. Super-derivations. Now suppose that A is Z-graded, that is, there is a direct 
sum decomposition (as k-vector spaces) A = 0j£z ^» ^^^^^ ^^^^ AiAj c Ai+j for 
all i,j e Z. We put 

A linear map / : A ^ ^4 is said to be even, rcsp., odd, if ,f{A±) C A±, rcsp., 
/(^±) C Aip, where the plus sign stands for 'even' and the minus sign stands for 
'odd'. 

Definition 3.3.1. An odd k-linear map / : A^ Ais called either a super-derivation 
or an odd derivation, if it satisfies the graded Leibniz rule, that is, 

/(aia2) = /(ai)a2 + i-lf'^''^aif{a2), 

where ai is a homogeneous element of degree k = degai, that is, ai e Ak. 

It is an easy calculation to check that the Z/(2)-graded vector space of all 
even/odd derivations forms a Lie super-algebra under the super-commutator: 

[.f,g] ■= .f°.9T ,g°.f, 

where the plus sign is taken if both / and g are odd, and the minus sign in all other 
cases. In particular, for an odd derivation f : A ^ A, we see that 

/°/=|[/,/] 

is an even derivation. 

Below, we will frequently use the following result, which follows from the Leibniz 
formula by an obvious induction. 

Lemma 3.3.2. Let f,g : A ^ A he to derivations (both even, or odd) of an 
associative algebra A. Let S (Z A be a set of algebra generators for A. Then, we 
have 

f{s)=g{s), ysGS ^ f = g. □ 

The most commonly used application of the Lemma is the following 

Corollary 3.3.3. Let d : A ^ A be an odd derivation of a graded algebra A. If 
S C A is a set of algebra generators for A, and rf^(s) = 0, for any s G S, then 
d^ = {]. □ 

3.4. The tensor algebra of a bimodule. Let A be an associative algebra. Given 
two A-bimodules M and A'' one has a well-defined A-bimodule M ®a N. In par- 
ticular, for an A-bimodule M we put T^M := M ®aM ®a ■ ■ -^aM {n times), in 
particular, T\M = M, and we put formally T^M := A. The direct sum 

T\M ■= ©,>o T\M 

acquires an obvious graded associative (unital) algebra structure, called the tensor 
algebra of an A-bimodule M. 

Given a k-vector space V, we will often write F®" instead of T^V. 
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The tensor algebra construction may be usefully interpreted as an adjoint func- 
tor. Specifically, fix an associative unital algebra A, and consider the category 
A-algebras, whose objects are pairs {B,f), where B is an associative unital alge- 
bra and / : A — > i? is an algebra morphism such that /(I) = 1. Morphisms in 
A-algebras are defined as algebra maps (p : B ^ B' making the following natural 
diagram commute 

A 

S / \ /' 




Note that an algebra morphism A ^ B makes B an A-bimodule. Thus, we get a 
functor A-algebras — > A-bimodules. It is straighforward to check that the assign- 
ment M I — > T\M gives a right adjoint to that functor, i.e., there is a canonical 
adjunction isomorphism 

Hom,_,^„,„,jA/,S) Hom,_,^^,jr;M, B), 

for any A-bimodule M and an A- algebra B. 

Now, fix an algebra morphism A B, and view B as an A-bimodule. Let AI 
be another A-bimodule. Any morphism d : M ^ B, oi A-bimodules induces, by 
the adjunction isomorphism above, an algebra homomorphism T^M —^ B. This 
way, the algebra B may be regarded as a T^Af-bimodule. 

We leave to the reader to prove the following 

Lemma 3.4.1. The A-bimodule map 5 : M ~f B can he uniquely extended to a 
derivation, resp., super- derivation, 

T{5):T\M^B such that T{5)\^„^^j = f , and T{5)\^,^^j = 5. □ 

3.5. Picard group of a category. Given a category we let Pic('^) be the group 
of all autoequivalences of the group structure being given by composition. 

For example, let A be an associative algebra. We need the following 

Definition 3.5.1. A finitely-generated A-bimodule Q is said to be invertible if 
there exists a finitely-generated A-bimodule P such that Q (E)a P = A ^ P (E)a Q- 
Then, P is called an inverse of Q. 

It is clear that (the isomorphism classes of) invertible A-bimodules form a group 
under the tensor product operation P, P' i-^ P®aP'- The unit element of this group 
is the isomorphism class of A, viewed as an A-bimodule. 

Now, let := A-mod be the category of left A-modules. We know by Morita 
theory, see Theorem 12.3.11 that any equivalence A-mod A-mod has the form 
M Q M, for an invertible A-bimodule Q. Thus, we obtain 

Corollary 3.5.2. The group Pic(A-mod) is canonically isomorphic to the group of 
(isomorphism classes of) invertible A-bimodules. □ 

Remark 3.5.3. In the traditional commutative algebraic geometry, given an alge- 
braic variety X, one writes Pic(A') for the abelian group formed by the (isomor- 
phism classes of) line bundles on X. Now assume X is irreducible and affine, and 
put A = lk[A'] . Then any line bundle ^ on X gives a rank 1 projective left A-module 
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L := r{X,J^'). This way, the group Pic{X) gets identified with the group formed 
by rank 1 projective left A-modules equipped with the tensor product structure. 
That gives, in view of CoroUarv l3.5.2l a certain justification for the name 'Picard 
group' of a category. 

Recall the group Ant {A) of automorphisms of the algebra A. Given an algebra 
automorphism g G Aut(A) and an A-bimodule P, we define a new A-bimodule 
by "twisting" the natural left action on P via g, i.e., by letting a(g) a' G A° act on 
p G P by the formula p i — > g{a) ■ p ■ a' . It is clear that, given two automorphisms 
f,g:A^A, there is a canonical isomorphism P^^ = [P^Y . 

Let Autin(A) C Aut(A) denote the (normal) subgroup formed by inner auto- 
morphisms of A, i.e., automorphisms of the form a ^ u ■ a ■ , where u G is 
an invertible element. We have the following result. 

Proposition 3.5.4. The assignment g i— > A^ yields a group homomorphism Aut(A) 
— > Pic(A-mod). This homomorphism descends to a well-defined and injective /lo- 
momorphism Avit{A) / Aut]„{A) ^ Pic(A-mod). 

Proof. Let u G A" be an invertible element and g — gu '■ a ^ u ■ a ■ u~^, the 
corresponding inner automorphism of A. It is straightforward to verify that the map 
Lp : X ^ u ■ X yields an isomorphism of A-bimodules Lp : A A^^ . Conversely, 
given g G Aut(A) and an A-bimodule isomorphism Lp : A — ^ A^ , put u :— (p{l). 
Then we have <p(a) = ip{l ■ a) — ip{l) ■ a = u ■ a. It follows that g — g^, moreover, 
u is invertible since u^^ — 17^^(1). This completes the proof. □ 

It is instructive to think of the group Pic(y4-mod) as some sort of Lie group. 
The 'Lie algebra' of that group should therefore be formed by yl-bimodules that are 
'infinitesimally close' to A, the unit of Pic(A-mod). It may be argued that any right 
A-module that is 'infinitesimally close' to a rank one free right ^-module is itself iso- 
morphic to a rank one free right A-module. Thus, any object in LiePic(^-mod) may 
be viewed as being the right ^-module A on which the standard left multiplication- 
action is 'infinitesimally deformed'. Denote this 'deformed' left action of an element 
a & A\yy h ^ a*h. The deformed left action must commute with the standard right 
action, hence, for any a, 6, c G A^ we must have {a*b) ■ c = a* {h- c). This forces the 
deformed action to be of the form a*6 = F(a)-b, where F : A ^ Ais a certain linear 
map that should be 'infinitesimally close' to the identity Id : ^ ^ ^. We express 
the latter condition by introducing the ring k[e]/ ((e^)) of dual numbers and writing 
the map F in the form F(a) — a + s ■ ''p{a), as we have already done earlier. Now 
the condition that the assignment Ax A^ ((e^)) ® A ^ a,b 1 — > a*b = F{a) ■ b 
gives a (left) action becomes the equation F{a ■ a') = F{a) ■ F(a'), Va, a' G A. The 
last equation is equivalent to the condition that tp is a derivation, see H3. 1.6(1 . 

Furthermore, arguing similarly, one finds that any inner derivation ada G 
Inn(A) gives rise to a bimodule of the form A^ where g : b 1-^ {1 + e ■ a) ■ b ■ {1 + e ■ a)~^ 
is an 'infinitesimal inner automorphism'. Thus, we conclude that the 'Lie algebra' 
of the group Pic (^- mod) is given by the formula 



LiePic(A-mod) = Der(A)/ Inn(A). 
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3.6. Atiyah algebra of a vector bundle. Let X bo an afRne variety, and £ an 
algebraic vector bundle on X, locally trivial in the Zariski topology. Giving £ is 
equivalent to giving E := T{X,£), the vector space of global sections of £, which 
is a finitely generated projective lk[X] -module. 

Write End(£') for the (nonconimutativc) associative algebra of k[X]-linear en- 
domorphisms of the vector bundle £. The algebra End(i5) acts naturally on E := 
T{X. £). The center of the algebra End(£') is the subalgebra k.[X] = k\X] ■ Ids ^ 
EiK^f), formed by scalar endomorphisms. 

The following result provides a basic example of Morita equivalence 

Theorem 3.6.1. The algebras k[X] and Jin.d{£) are Morita equivalent. Specifically, 
the following functors 

k[X]-mod (End(£))-mod 
5: Ml — >E®t[x]M, and T : Fi — ^ Hom^^^^^, (£;, i^) 
provide mutually inverse equivalences. 

Definition 3.6.2. The Lie algebra A{£) := Der(End(f )), the derivations of the 
associative algebra End{£), is called the Atiyah algebra of £. 



To obtain a more explicit description of the Atiyah algebra, assume that the 
affine variety X is smooth. Let ^{£) be the (associative) algebra of algebraic 
dilferential operators acting on sections of £. This algebra has a natural increasing 
filtration = C %{£) C ) C . . . , by the order of difi'erential operator. 

In particular, we have ^o(^) = End(£'). 

Write gr, ^{£) = 0j>o ^i{.£) / ^i-i{£) for the associated graded algebra. As- 
signing the principal symbol to a difi^erential operator gives rise to a canonical graded 
algebra isomorphism 

a: gv9{£) ^ End(f ) Sym' ^(X). 

Remark 3.6.3. Note that the algebra gr ^(f ) is not commutative unless £ has rank 
one, i.e., unless f is a line bundle. 



The top row of the diagram below is a natural short exact sequence involving 
the principal symbol map on the space of first order differential operators. 







■ End(£) 



^i{£) 



.End(f) 0,,,, ^{X) 



-^0 



5id 







■ End(£) 



^f{£) 



( Scalar \ <> 

I endomorphisms/ ^VkfX] 



-^0 



The space {£) in the bottom row is formed by first order differential operators 
with scalar principal symbol. 

The Theorem below shows that the space Sii{£) is closely related to the Atiyah 
algebra A{£). 
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Theorem 3.6.4. (i) The space &i [E) is a Lie subalgebra in the associative algebra 
2>{£) (with respect to the commutator bracket). 

(ii) The bottom row in the diagram above is an extension of Lie algebras; in 
particular, %{£) = End(f ) C {£) is a Lie ideal. 

(iii) The adjoint action of an element u € Sii{£) in the ideal End(£) gives a 
derivation, adw, o/End(£) viewed as an associative algebra. 

(iv) The assignment u i—s- adu is a Lie algebra homomorphism whose kernel is 
the space h\X] C End(£) = f^o(£), of scalar endomorphisms. In particular, this 
space h[X] is a Lie ideal in {£). 

(v) The adjoint action described in (iii) gives rise to the following Lie algebra 
exact sequence 

— >k[X] — > ^f(f) DcrEnd(5) — >Q. 

Thus, the map u i— > adu induces an isomorphism (£) /W^X] A{£). 

Proof. Observe first that the Theorem may be seen as a unification of two special 
cases: 

• For £ = Ox, the trivial rank one bundle, we have End(£) = and the 
derivations of the latter algebra are given by vector fields on X, by definition. 

• If X = {pt} is a single point, then we have End(5) = End(iJ) ~ Mat„k, is a 
matrix algebra, and any derivation of the matrix algebra is well-known to be 
inner. 

Thus, our Theorem says, essentially, that in the general case of an arbitrary 
vector bundle on a variety X , the Lie algebra of derivations of End(f ) is an extention 
of the Lie algebra of vector fields by inner derivations. 

To prove the Theorem, we use Morita invariance of Hochschild cohomology 
of an algebra, cf. §5 below. In particular, applying this for the 1-st Hochschild 
cohomology of two Morita equivalent algebras, A and B, we get Der(yl)/ Inn(yl) ~ 
Der(B)/Inn(B). 

Now, take A — k[X] and B = Endf . Since A is commutative, we have 
Inn(A) = 0, hence Der(A)/ Inn(A) = Der(A) = ^(X). On the other hand, in- 
ner derivations of the algebra B form the Lie algebra B/Zb — End(f )/lk[X]. Thus, 
the isomorphism of the previous paragraph yields a short exact sequence 

k[X] ^ ' ^ ' Inn(S) lnn{A) ^ ' 

We leave to the reader to verify that this short exact sequence coincides with the 
bottom row of the diagram preceeding Theorem 13.6.41 □ 



4. The Bar Complex 



4.1. Free product of algebras. Given two associative algebras, A and B, let A^B 
be the k- vector space whose basis is formed by words in elements of A and B, with 
additional relations that adjacent elements from the same algebra are multiplied 
together. If, in addition, the algebras have units \a & A and 1b & B, then we 
impose the relation that multiplication by either unit acts as identity. 
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More generally, given two algebras A, B, and algebra imbeddings t : C ^ A, 
and J : C ^ B, such that i{lc) = 1a, and j(lc) = Is, one defines A*^B, the 
free product of A and B over C, as the following unital associative algebra 

T^{A ® B) 



A* B ■= 

^ " a® a' = a- a' ,b®h' = h-h' 



^(c) = j{c) , U = 1 = Is // „,„'eA,6,6'eB,cec 

where ((. . .)) denotes the two-sided ideal generated by the indicated relations. 

The operation of free product of associative algebras plays a role somewhat 
analogous to the role of tensor product for commutative associative algebras. 

4.2. Throughout, we let A be an associative k-algebra (with 1 as usual). We wish 
to associate to A a sequence of homology groups which will play the noncommuta- 
tive role of (co-)homology of a space. In order to do this, we wish to construct a 
particular resolution of A by free A-bimodulcs. Before beginning, wc remark that 
an A-bimodule is the same thing as a left A(g)k A°P-modulc; if M is an A-bimodule, 
then we define the action oi A® yl°P on M by (ai a^^)m, := aima^- 

We consider the following complex of A-bimodules 

^ -JL^ A'^^ = A®A A ^ , 



where m: A® A ^ Ais the multiplication on A and b: A®" is given by 

6(ao ® a\® ■ ■ ■ ® an) := a^ai ® a2® ■ ■ ■ ® a„+ 

n-l 

+ ^(-l)^ao (S) • • • (S) (fljaj+i) • • • a„. 

It is a tedious (but simple) calculation that 6^ = 0. 

Definition 4.2.1. We set A° := A ® A°p, and for any i = 0, 1, 2, . . . , put B, A := 
A ® A®^ ®A,& free A'^-module generated by the k- vector space A®*. This way, the 
complex above can be writen as the following bar complex 

Q.A: [ ^ B2A — ^ BiA — ^ B.oA = A®A] ^ A. 

We claim that this sequence is exact, i.e., that the bar complex provides a 
free A-bimodule resolution of A, viewed as an A-bimodule. To show this, we will 
construct a chain homotopy h: A®* ^55(1+1) y^c]^ that b o h + h o b = id. Usual 
homological algebra then implies exactness. We will first construct h "by hand," 
then give alternate descriptions of the bar complex which will make this definition 
more natural (and the proof of the homotopy easier). In particular, we define 

h{ai • • • (g) flj) = 1^ ai (g) • • • ttj. 

We check that h indeed satisfies 6o/j + /io6 = idon the degree 2 piece. 
That is, wc will show that h{b{ai (E) 0,2)) + b(h{ai 02)) = o-i a2. Now, by 
definition b{ai 02) = 0102, and h{aia2) = 1^ aia2- For the second term, 
h{ai 02) = 1a fli a2, and by the definition of b we have 

b{lA di 02) = IaO'I 02 — 1a 01^2 = cii (12 — 1a a^a^- 
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So, 

{hob + bo h){ai (g) 02) = Ia'S) 0102 + ai (g) a2 — 1a ^102 = ai (g) 02, 
as desired. 

4.3. Second construction of the bar complex (after Drinfeld). Let v4 * k[e] 
be the free product of the algebra A and the polynomial algebra k[e] in one variable 
e. An element of this free product can be written in the form aie"ia2e"^ ■ ■ • Ofe for 
elements ai, . . . , € A and non-negative integers ni, . . . , Hk-i (if the last factor is 
from k[e], simply "pad" with 1a, and similarly for the first factor). However, we can 
rewrite e"^ = 1a£^a ■ ■ ■ ^a£^a, where we have rij factors of e. So, we can always 
write any element of A* k.[e] in the form aiea2S ■ ■ ■ euk for some ai, . . . ,ak € A. So, 
the e plays no role other than a separator, and we shall replace it by a bar, that is, 
we define ai \ a2 \ ■ ■ ■ \ cik ■— aiea2 ■ ■ ■ ea^. This notation is the genesis of the name 
"bar complex." 

Now, we put a grading on A * k[£] by declaring dega ~ for all a e A and 
dege = — 1. We will now make A * k[£] a differential graded algebra (DGA from 
now on) by defining a super-differential d: ^ * k[e] A * k[e]. Recall that a 
super-differential is simply a super-derivation d satisfying cP — Q. We define d on 
generators, namely, we set da = for all a G ^ and de — \a, and we extend it 
to j4 * k[e] uniquely by requiring that it obey the graded Leibniz rule. If we now 
identify AeAe ■ ■ ■ sA [n factors of A) with in the obvious fashion, we obtain an 
identification of B.^ with A * k[e], and the super-differential d on ^ * k[e] becomes 
the bar differential. 

Observe next that d^(e) = d(l) — 0, and also d^(a) = 0, for any a £ ^, by 
definition. Hence, Corollarv l3 vields d^ — 0. We conclude that d is a differential 
on A* \\e\. 

In this context, the proof of exactness becomes trivial. Since ^*k[e] is a DGA, 
we can calculate its cohomology in the usual fashion. The claim that A * k[£] is 
exact (i.e., that 6.^4 is exact) is equivalent to claiming that iJ'(A*k[e]) = 0. Now, 
by definition we have that de = 1a, hence \a is a coboundary and therefore zero 
in cohomology. But since A * k[e] is a DGA, H' {A * k[£]) is an algebra (it's even 
graded, but that is not important for our purposes). In particular, the cohomology 
class of 1a acts as a multiplicative unit for H' {A * k[e]), and since [1^] = 0, we see 
that H' {A * k[e]) = 0. We can of course mimic the previous proof and construct 
a (co-)chain homotopy. In the notation of ^ * k[e], the homotopy h is defined 
by h(u) — eu for all w G >1 * k[e]. Then d(eu) — deu — edu = Iau — edu. So, 
{do h + ho d){u) = u — e du + s du — u, as required. 

4.4. Third construction of the bar complex. The following construction only 
applies (as presented) in the case where A is finite dimensional. Let A* = Homiij;(^, k) 
be the dual vector space of A. Then we form its non-unital tensor algebra 

T+{A*) := A* (S{A* ®A*)®---(B (A*)®'= ® • • • . 

This is the free associative algebra on A* with no unit. 

Proposition 4.4.1. Giving an associative algebra structure on A is equivalent to 
giving a map d: T^(A*) T~^{A*) such that 

(i) d is a super- derivation of degree 1, i.e., d((A*)®'^) C (yl*)®('=+i); and 
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(ii) 



0. 



Proof. First, suppose wc have any linear map d: A* — !■ A* A* . Then we can 
always extend this map to a super-derivation on T~^{A*) by applying the super- 
Leibniz rule. Now, if we are given a multiplication map m: A A ^ A, then 
by taking transposes we obtain a map rrF -.A* {A (g) A)* . Since A is finite 
dimensional, {A^ A)* and A* (g) A* are canonically isomorphic. So, we can regard 
the transpose of multiplication as a map niJ : A* ^ A* ^ A*. We let d = mJ and 
extend this to a super-derivation as described above. Of course, if we are already 
given a super-derivation of T+(A*), then we can transpose its restriction to A*(^A* 
to obtain a multiplication on A (since we can identify A** with A and {A* ^4*)* 
with AiSiA). 

We will now show that the associative law for m is equivalent to = where 
TO and d are related as in the previous paragraph. Since T^{A*) is generated by 
elements of ^4*, we need only show that d'^: A* — > ^* (g) A* (g) A* is the zero map-the 
super-Leibniz rule will take care of the rest. So, suppose we are given some linear 
functional X G A* . Then dX G A* ^ A* , which we have canonically identified with 
{A (g A)*. In particular, dX{a (g 5) = mJ X{a (g 6) = X{m{a,b)) = X{ab) (where we 
will write m(a, b) = ab for simplicity's sake). Further, since dX G A* (g) A* , we can 
find Hi, . . . , vi, . . . ^ A* so that dX = Yl7=i(l^i ^«)- Then we have that 

n n 

dX{a 6) = ^(/ij fj)(a 6) = ^/Uj(a)z/i(6). 



i=l 



Now, we wish to consider d(dX). Since this lies in A* (g) A* (g) A* , we can view 
this is a linear functional on A^^. Then, using the fact that d is a super-derivation, 
we obtain 



d{dX){a'S)b<S) c) =d 



(a 6 c) 
^((i/Xi z/j — /^i dvi){a ®b®c) 

i=l 

n n 

^rf/ii(a b)i'i{c) - y^/Xt(a)di/t(6 c) 



1=1 



1=1 



= ^/ii(a6)fc'i(c) -y^iJ,i{a)i'i{bc) 

i=l i=l 

= X{{ab)c) - X{a{bc}) = X{{ab}c - a{bc}). 

So, if = 0, we see that A((o6)c — o(6c)) = for every functional A, hence 
[ah)c = a{bc) (i.e., m is associative). Conversely, if to is associative, we see that 
d^ = 0. □ 



This is not quite the bar complex, since for one instance the differential goes in 
the wrong direction. But since d: T'^{A*) T^'^^{A*), we can consider the trans- 
pose of d, d^ : (r*+i(A*))* {T\A*)y. Since A was assumed finite dimensional, 
we can identify T'(A*)* and T'(A), so finally d'^ : T'+'^{A) T'{A) is the desired 
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complex. One advantage of this approach is that similar constructions can be made 
for different algebraic structures. 

The reader is invited to consider how such a construction can be performed for, 
say Lie algebras. 

4.5. Reduced Bar complex. It turns out that the Bar complex B,{A) contains 
a large acyclic subcomplex. Specifically, for each n > 1, in BnA — A ^ A'^" (g) A 
consider the following A-subbimodule 

n 

Triv„A := ^ A ® (A^('-^') ® k ® A®^"-'^) A c A(»A^"(»A. 

i=l 

It is easy to see from the formula for the bar-differential that 6(Triv„A) C Triv„_iA. 
Thus, Triv.A is a subcomplex in B,A. 

Define the reduced bar complex to be the quotient B.^ B.A/Triv.yl. By 
definition, the n"^ term of the reduced bar complex is 

BnA = B„A/Triv„A ^A(g) A®" (g) A, 

where A — A/k as a vector space. The differential is the one induced by d on the 
bar complex. 

The reduced bar complex has the following interpretation in terms of the free 
product construction B,A = A* k[e], see M.'M Observe that since dege = —1, the 
Leibniz formula for an odd derivation yields 

d{e^) ^ {de) -e-e- {de) = 1 • e - e • 1 = 0. 

It follows readily that the two-sided ideal {{e^)) C A*k[e], generated by the element 
is d-stable, i.e., we have d(((e^))) C ((e^)). Hence, the differential d on A* k[e] 
descends to a well-defined differential on the graded algebra {A * k[£])/ ((e^))- We 
claim that, under the identification of ij4.3l we have Triv'yl = ((e^)), and therefore 

B.A = {A * k[e])/{(e^)) = A * ik[e]/e^). (4.5.1) 

To see this, notice that an element oi A^ A**" (g) A = BnA belongs to Triv„A 
if and only if it is a k-linear combination of terms, each involving a subexpression 
like (. . . • ■ •)■ -But such an expresion, when translated into the free product 
construction, reads: (. . . eIa^ • • •) — (. . . . . .), and our claim follows. 

Observe next that the argument proving acyclicity of the complex (A * k[e] , d) 
applies verbatim to yield acyclicity of {A * k[e]/((e^)) , d). We conclude 

Corollary 4.5.2. The reduced bar complex provides a free A-bimodule resolution 
of A. □ 

5. HOCHSCHILD HOMOLOGY AND COHOMOLOGY 

5.1. Given an associative k-algebra A, let A°p denote the opposite algebra, and 
write A^ ^ A (g) A°p. There is a canonical isomorphism (A°)°p = A'^. Thus, an 
A-bimodule is the same thing as a left A°-module, and also the same thing as 
a right A°-module. Recall the notation A-bimod for the abelian category of all 
A-bimodules. 
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Given an A-bimodule M , we write [Af, A\ for the commutator space, the Ik- 
vector subspace of M spanned by all commutators rna — am, a & A,m & M. Let 
M/[M,A] denote the corresponding commutator quotient oi M. 

Equivalently, any A-bimodule M may be viewed as either right or left A^- 
module. In particular, we view M as a right A®-module and view A as a left 
^''-module, and form the tensor product Ad A. One has a canonical vector 
space identification M ®a'' A = M/[M,A]. The assignment M i — > M (gj^e A 
clearly gives a right exact functor from A-bimod to the category of k-vector spaces. 
So, M (g)^e — has left derived functors, the Tor functors Tor^ {M,A). For ease of 
notation, we denote Tor^ {M,A) by HHi{M), the i*^ Hochschild homology group 
(which is really a k-vector space) of M over A. 

By definition, for any A-bimodule M, we have 

HHo{M) = ToTf{M,A) = M/[M,A]. 

In the particular case that M = ^, we obtain HHo{A) = A/[A,A]. Notice that 
[A, A] is not an ideal in A, simply a k-linear subspace of A. 

Computing higher degree Hochschild homology groups requires a choice of some 
projective resolution of A as ^-bimodules (i.e., left A^'-modules). The bar complex 
provides Qb CclIlOlllCi: il choice of such resolution. So, to compute the groups HHi{M) 
we need only apply the functor M (g^e — to the bar complex 

B.A: ^^8)4 ^^®3 ^^(82 ^0. 

We then tensor this on the left with M over A° to yield 

M ® A« B. : . . . M A®'' ^ M (g)A« A®3 ^ M ^ . 

To simplify this, pick some m {ao • • • an) & M (gj^c A®^ and write ao (S) 

ai (g • • • a„_i (g) a„ = (oq (g a°P)(lA g) ai (g • • • (g a„_i (g 1^)- Then 

m g) (ao g) ai g) • • • g) a„_i g) a„) = m(ao g) a°P)(lA g) ai g) • • • a„_i (g 1^) 

= o„mao ® (1a (Xi (g) • • • (g) fln-i <?> 1a)- 

By dropping the two l^'s and observing that only scalars on the intermediate a^-'s 
"commute" past (g, we can identify M0Ae^®" with M(g) So, the complex 

M (g^e B.A becomes 

^ M (g ^ M®A ^ M ^ . 

Examining the identification of M (g^" A®"- with M (g A® ("-2)^ .^ve find that the 
differential for this complex is given by (again, using the bar notation) 

d{m I ai I • • • I a„) = ma\ | 02 | • • • | a„-|- 

n-l 

^(-1)'to I ai I • • • I (aitti+i) I • • • I a„ + (-l)"a„m | ai | • • • | a„_i. 

i=l 

We remark that the bar complex, resp., the reduced bar complex, for A can 

be recovered from the Hochschild chain complex, resp., reduced Hochschild chain 
complex, of the free rank one A'^-module = A® A°^ (viewed as an >l-bimodule) 
as follows 



E.A = C.{A, A^A"'^), resp., B.A = C.{A, A® A""^). (5.1.1) 
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5.2. Hochschild cohomology. As before, we take A to be an associative k-algebra 
and M is an ^-bimodule. For Hochschild homology, we considered Tor^e(j4, M). 

Now we wish to consider Ext^c(A, M). 

Recall that A° = A® A°p. We define the Hochschild cohomology of A with 
coefficients in M by HH' (M) := Ext^e(A,M). 

Proposition 5.2.1. The functors HH, and HH' are both Morita invariant. In 
particular, 

HH.{A) = HH.{MB.tr{A)), and HH' (A) = HH' {M&tr{A)) 
where Matr(A) denotes r x r -matrices over A. 

Proof. This is immediate from the definition: 

HH\A, A) = Ext^;ie_^„d(A, A) and HHi{A, A) = Tot%_^,,{A, A), 

since, for Morita equivalent algebras, the corresponding categories of bimodules are 
equivalent as abelian categories, hence give rise to isomorphic Ext and Tor groups. 

It is instructive, however, to give a direct computational proof for the zeroth 
order homology, that is, to show that HHq{A) = HH QQAa.tj.{A)) . We wish to 
construct a canonical isomorphism 

AI[A,A] ~ Mair{A)/[M&ir{A),M&tr{A)]. 

We will define an isomorphism Tr: Mat^(A)/[Mat^(A), Mat^(A)] by 
using, as the notation suggests, the standard trace on Matr(A). In particular, Tr 
sends a matrix (ay ) to the element 

n 

tr(aij) mod [A, A\ = ^ an mod [^4, A\. 

First, observe that Tt:{XY) = TiiYX) for X,Y Mat^(A), so Tr factors through 
a map (also called Tr) M&tr{A)/\M.aXr{A),M.aXr{A)] A/ [A, A]. We wish to 
show that the kernel of Tr is precisely [Matr(A), Mat,.(v4)]. So, choose any ma- 
trix X = {aij) G KerTr. We will let Eij{a) denote the elementary matrix with 
a in the y-entry and zeroes elsewhere. Then for i ^ j, we easily find that 
Eij{a) = [Eij{a), Ejj{lA)\- So, all matrices with only oflf diagonal entries lie in 
[Matr(^), Matr(^)]. Hence we can write 

X = (aij) = diag(ai, 02, . . . , a^) mod [Matr(A), Matr(A)]. 

Also for i ^ j, we can directly compute that [Eij{a), Eji{lA)] = Eu(a) — Ejj{a). 
So, for eachj = 2, . . . ,r, the matrix Eii{aj) — Ejj{aj) G [Matr(A), Matr(^)], hence 

diag ^ aj, 0, . . . , 0^ - diag(ai, . . . , a^) e [Matr(A), Matr(A)]. 

So, we can write any matrix in Matr(A) as Eii{a) mod [Matr(A), Matr(A)] for 
some a G A. Since, 

= Tr(X) = TT{Eii{a)) = a mod [A, A], 

we find that a e [A, A] and X e [Matr(^), Matr(A)] to begin with. So, KerTr = 
[Matr(^), Matr(A)], and since Tr is clearly surjective we obtain that 

Tr: M&tr{A)/[M&tr{A),Matr{A)] A/[A,A] 

is an isomorphism. □ 



22 



To calculate this cohomology, we will again use the bar complex B,A: 

^ ^03 ^02 s. Q . 

Applying the functor Hom^o (— , M) to this complex (and accounting for contravari- 
ance), we obtain the sequence 

Rom Ae{A®'^, M) HomAe(A®3, M) Rom A'iA®"^, M) , 

Recall that A®"^ is free of rank one as an A-bimodule (which is just a loft A ® A!^- 
module). So, HomAe(^®^,M) ~ M. Similarly, if A®'^ ^ M is an ^-bimodule 
map, then 

<^(ai ®a-2® as) = ai</?(lA ®ai® lA)a3- 

The association of <^ to the k-linear map A M, a <^(1a (8) a ® 1a) gives 

an isomorphism between RomA" {A®^ , M) and Romi{A,M). Indeed, wc find that 
RomA4A®",M) ~ Homk(A®("-2),M) for all n > 3. So, the complex whose 
cohomology we wish to compute reduces to 

• • • Romt{A®\M) Homk(A, M) M ^ . 

An explicit formula for b in this interpretation is as follows. Recall that for the 
calculation of Hochschild homology, we used the differential 

b{ao ® ai ig) • • • (g) a„) = aoai ® • • • ® a„ 

n-l 

+ ^ ao <g) ai (g) ■ ■ ■ (g) {ajUj+i) (g) • • • (g) a„ + (-l)"o„ao (g) ai (g) • • • (g) a„_i, 

where we have ag G M and aj S A for j > 1. For the first differential, b: M ^ 
Homt(yl, M), we find that we must have bm{a) = am — ma. For n = 1, we obtain 
for / e Hom]ij(yl, M) that bf{ai,a2) = 01/(02) — /(aici2) + /(oi)a2- Similarly, for 
all / e Homk(^®", M), we find that 

n 

bf{ai, a2,..., a„+i) = ai/(a2, . . . , a„+i) + ^(-l)V(ai, • • • , ajfli+i, • • • , On+i) 

i=l 

+ (-l)"+V(ai,...,a„)a„+i. 

We will often write CiA, M) := Homk(A®", M). 

With these formulae for h in hand, we can now explicitly calculate the first few 
cohomology groups. 

5.3. Interpretation of HH^. For degree zero, we see that HH°{M) = Kerb. But 

m € Kerb if and only if bm(a) = am — ma = for all a G A. It is natural to call 
{m G M I am = ma} the center of the module A. In particular, ii M = A, then we 
in fact have that HH^{A) = Za- Notice that there is a fair bit of "duality" in the 
degree zero setting between Hochschild homology and cohomology. For HH'^{M), 
we obtain the center of M, and for HHq[M) we obtain the "cocenter" of M, namely 
M/[A,M]. 
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5.4. Interpretation of HH'^ . Moving on to HH^{A, M), we claim that the kernel 
of d on C^(A,M) consists precisely of all derivations A M. Indeed, if / G 
C^{A, M), then df{ai, 02) = is equivalent to requiring that 

ai/(a2) - /(aia2) + /(ai)a2 = 0, 

that is, that f{aia2) = 01/(02) + f{ai)a2- So, / is a derivation. The image of 
d: M ^ Homk(yl, M) is precisely the set of all inner derivations, Inn(y4, M), that 
is, derivations of the form a 1-^ am — ma for some m e AI . So, 

HH\M) ~ Der(^,M)/Inn(A,M), 

the outer derivations from A to M. In particular, we can rewrite 1)3.1.1(1 in the 
following way 

^ HH°{A,M) — > M ^ Der(A,Af) — > HH^{A,M) 0. (5.4.1) 

Observe that if M = A, then Der(A) is a Lie algebra and Inn(^) is a Lie ideal. 
So, HH^{M) inherits the structure of a Lie algebra. 

5.5. Interpretation of HH^. This is given by considering algebra extensions. 
Suppose now that A is an associative algebra and consider an extension of algebras 

^ A ^A ^0 , 

where M is an ideal of A satisfying — 0. Then AI is an A-bimodule. Define 
a • m by choosing a lift a of a in A and setting a ■ m = am. If a' is another such 
lift, then since a — a' maps to zero in A, it must be an element of Ad. Hence 
(a — a')m G = 0, so dm ~ d'm. 

Choose some k-linear splitting (as a vector space) c : A ^ A. Then we get a 
vector space direct sum decomposition A ~ c{A) © AI. Further, for any oi, 02 G A, 
we have c(ai) • 0(02) — c(ai • a2) G AI. Therefore we can write the product on A as 

(oi © TOi)(o2 © m2) = aia2 © (01TO2 + 'Tiia2 + /3(ai, a2)), 

where (3 is an arbitrary bilinear map AI, i.e., an element of C^{A, AI). This 

formula gives an associative product on A if and only if df3 = 0. Indeed, 

d/3(ai, 02, 03) = ai/3(a2, as) - /3(aia2, as) + /3(ai, 0203) - (3{ai,a2)a3. 

Then by writing out [(ai©TOi)(a2©TO2)](a3©TO3) and (oi ©TOi)[(a2©m2)(a3©m3)] 
and equating them, we see that df3 must equal zero. We can also check that if /3i 
and P2 define associative structures on A, then they define isomorphic extensions if 
and only if /?i — P2 is a, Hochschild coboundary. So, HH^{AI) classifies extensions 
of A by M. 

Remark 5.5.1. If we consider the case where A is a unital algebra and we only 
consider the square-zero extensions where A is also a unital algebra, and the ho- 
momorphism A ^ A takes the unit to the unit, then it is easy to check that such 
extensions are also classified by HH^{AI), but where HH^{AI) is computed using 
the reduced bar complex. 
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5.6. Interpretation of HH^ . The group HH^[M) classifies so-called crossed- 
bimodules. A crossed-bimodule is a map ip: C B oi associative algebras where 
B is unital, C is nonunital and maps to a 2-sided ideal of i?, the cokernel of ip is 
A, the kernel is M , and we require 

ip(bcb') = bip{c)b' and ^{c)c' — cc' = ap{c'), 

for aU b,b' e B and c, c' G C 

5.7. Reduced cochain complex. One can use the reduced bar complex to com- 
pute Hochschild homology and cohomology. Specifically, for any A-bimodule M, 
define the reduced Hochschild cochain complex C {A, M) by 

M) := Hom^.bi™d(B„A, M) = Hom^.bi^od(^ ® ® A, M) 

~Homk(i®",Af), n = 0,l,.... 

6. POISSON BRACKETS AND GeRSTENHABER ALGEBRAS 

6.1. Polyvector fields. Let X be an afhne variety with coordinate ring A — Ik[X], 
and let £,,^. be locally free coherent sheaves on X. We write E = T{X,£), resp., 
F = r(X, for the corresponding (projective) A-modules of global sections. 
Then, one has canonical isomorphisms 

E®aF'^ r(X, 8 ^), A^S 9^ r(A, Af £), Sym^ E = r{X, Syn/ £). 

In particular, for the tangent sheaf 5^ we have T{X, SymJ^) = k[T*Ar], is 
the algebra of regular functions on the total space of the cotangent bundle on X. 

We introduce the notation Qp{X) :— r{X, £^x) for the vector space of p- 
polyvector fields on X. The graded-commutative algebra &.{X) := 0^ Qp(Ar) = 
r(X, A',;^) may be thought of as a odd analogue of the commutative algebra 
Tlx,Sym^x) =k[T*X]. 

For any polyvector tt G Op, one defines a natural contraction operator v ■ 
ri'^(A) — > ri'^~P(A) , a 1-^ i^a, where, for tt = A . . . A^p, the (fc — p)-form i^^a, is 
given by 7/1, ... , r/k^p i — > q;(^i, . . . , ^p, ryi, . . . , ?7fc_p). For p = 1 this reduces to the 
standard contraction of a differential form with respect to a vector field. 

Further, there is a natural Schouten bracket on 0.(A): 

{-,-}: ep(A) X e,{x) ^ ep+,_i(x). 

given by the following formula 

UiA---Cp,r;iA---77j= (6.1.1) 

i=p-J=q 

= ("1)'^' ■ K^' '^j] A a A • • • g A • • • A A 771 A • • • A ^- A • • • A 7?,. 

If p = (7 = 1, this formula reduces to the usual bracket of vector fields. 

To make the bracket { — , — } compatible with the gradings, we note that (p+l) 
+{q -I- 1) — 1 = (p + g) — 1. Thus, shifting the natural grading on Q.{X) by 1, we 
obtain a new graded strucre, to be denoted 6,_i(Ar), such that the bracket l|6.1.1|l 
is compatible with this new graded structure. 
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Below, we summarize the various natural structures on Q,(X) and fl'(X). 

• Wedge-product of polyvector fields makes 0. {X) a super-commu- 
tative algebra^ 

• The bracket (jfi.f .1(1 makes Q,-i{X) a graded Lie super-algebra. 

• The contraction operators v, tt S &.{X), make r2'(X) a graded 
module over Q,(X), viewed as a super-commutative algebra. 

• The De Rham differential d : W (X) 17*+^ (X) is an odd derivation 
of the super-commutative algebra il'{X). 

(6.1.2) 

Further, one extends the definition of Lie derivative from vector fields to polyvec- 
tor fields. Specifically, given a polyvector field tt G <dp{X), we define the Lie deriv- 
ative operator 

^^■.= [d,t^]: n-{x)^n'-p+\x). 

This formula reduces, in the special case p — 1, to the classical Cartan homotopy 
formula for the Lie derivative. 

Using Lemma 13.3.21 one verifies the following standard identities 

'^■kA^P ^TT ' '^TVAcp °^7r ' ( l) ^ ^TT ' '^(f ^ (6.1.3) 

[•=^^1°^C/?] °^{7r,l^}l [^7ri°^C/?] ^{^7T,ip}7 [^7r;^i^] 0- 

6.2. Poisson brackets. Let A be an associative (not necessarily commutative) 
algebra. A (skew-symmetric) Lie bracket {—,—}: A (E) A ^ A is said to be a 
Poisson bracket if, for any a € A, the map {a, — } : A A is a, derivation, i.e., the 
following Leibniz identity holds 

{a,b- c} = b- {a,c} + {a,b} ■ c, Va, 5, c S A. (6.2.1) 

In view of skew-symmetry, the Leibniz identity says that the bracket {— ,— } : 
A(E A A is a bi-derivation on A. 

In case the associative product on A is commutative we will sometimes call A 
a commutative Poisson algebra. In the non-commutative case, we will say that A 
has a NC-Poisson structure. 

Let A — k.[X] be the coordinate ring of a smooth affine variety. Then, it 
is easy to show that any bi-derivation on k[X] is given by a bi-vector, that is, 
there is a regular section tt G r{X, a"^ ^^x) such that the bi-derivation has the form 
if 7 9) ' — ^ {df A dg, tt). Thus, giving a Poisson structure on k{X] amounts to giving 
a bracket 

{/, .9} = {df A dg, tt), where tt G T{X, A^^x) is such that [tt, tt] = (6.2.2) 

(the condition [tt, tt] = on the Schouten bracket is equivalent to the Jacobi identity 
for the Poisson bracket ((6.2.2|l 'l. In this case we refer to tt as a Poisson bivector. 

Fix a smooth variety X with a A Poisson bivector tt on a smooth variety X 
gives rise to a canonical Lie algebra structure on ri^(X), the space of 1-forms on 
X. The corresponding Lie bracket on n'^{X) is given by the formula 

[a, P] := L.^aP - L.^pa - d{a A /3, tt) . (6.2.3) 

This Lie bracket has the following properties (which uniquely determine the bracket): 

• The De Rham differential d : A = Ik[A'] — > H^{X) is a Lie algebra map, i.e.: 

[da,db\= d{{a,b}), Va, 6 G A; 
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• The following Leibniz identity holds: 

[a, / • /3] = / • [«, 13] + {i.P)f - a, V/ e A, a, /? e Q}{X). 



6.3. Gerstenhaber algebras. The notation of Gerstenhaber algebra is an odd 
analogue of the notion of Poisson algebra. More explicitly, 

Definition 6.3.1. A Gerstenhaber algebra is a graded super-commutative algebra 
G' = 0^ with a bracket 

{-,-}: GP xG" -> Gf+«^i 

which makes G' a Lie super-algebra so that for every a € G' , the map {a, — } is a 
super-derivation with respect to the product, i.e., we have 

{a, 6-c} = {a,6}-c-f (6.3.2) 

This definition is motivated by the following basic 

Example 6.3.3. The Schouten bracket makes Q, {X), the graded space of polyvector 
fields on a smooth manifold X, a Gerstenhaber algebra. 

As another example, let X be a Poisson manifold with Poisson bivector tt, see 
(16.2. 2|l . Then, one proves the following 

Lemma 6.3.4. The bracket on 1-forms given by formula (|6.2.3|) extends uniquely 
to a bracket [— , — ] : Q^{X) x D,^{X) — s- 17*+^ (X), such that the wedge product and 
the bracket give ©i>i fl^{X) the structure of Gerstenhaber algebra. □ 

Remark 6.3.5. Suppose (X, w) is a symplectic manifold. The isomorphism 
•^X' £, induces a graded algebra isomorphism l\ S'x A' ,5^. There- 

fore, one can transport the Gerstenhaber algebra structure on A' .^Tx given by the 
Schouten bracket to a Gerstenhaber algebra structure on n'{X). The latter one 
turns out to be the same as the Gerstenhaber algebra structure of Lemma [6. 3.41 

Remark 6.3.6. Given a manifold X and a bivector tt S r(X, A^5x), such that 
[tt,tt] = one can also introduce a different Lie bracket B : ilP{X) x il'^{X) 
Q^p+q-'2(^X), which has degree -2. For a = ai A • • • A ap G nP{X) and P = 
(3i A ■ ■ ■ A (3q £ il'^{X), this new bracket is defined by 

B{a,P) := ^(-l)''+-' (ai A /3j, 7r)ai A • • • A Oi A • • • A ap A r/i A • • • A 77}- A • • • A ?7q. 



Let G' be a Gerstenhaber algebra, and M' a graded vector space. We say that 
M' is a Gerstenhaber module over G' if the square-zero construction, G'jiM', is 
equipped with a Gerstenhaber algebra structure such that G' is a Gerstenhaber 
subalgebra in G'jlM' and, moreover, we have A/' • M' = — {M' , M'}. 
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6.4. e-extension of a Gerstenhaber algebra. Let k[e]/ ((e^)) be the ring of dual 
numbers. Given a Gerstenhaber algebra G" = 0^ G\ with operations (— ) • (— ) 
and , — }, one defines, c.f., |TT| . a new Gerstenhaber algebra G' = 0^ G* , over 
the ground ring k[e]/{{e^)). Specifically, put 

Gl ;=G*eeG'-\ 

and introduce lk[e]/ ((e^)) -bilinear operations (— ) -e (— ) and { — , —}e, defined for any 
homogeneous elements a, 6 G G by 

a-eb:^a-b+{-lf''^°'-e-{a,b}, and {a, 6}e := {a, 6}. (6.4.1) 

Remark 6.4.2. Note that in order to have the new product (— ) (— ) be graded 
commutative, one has the additional term (— l)<^°g° • e • {a, 6} to be "symmetric" in 
the graded sense. Such a construction would have been impossible for an ordinary 
Poisson algebra, where the dot-product is always symmetric and the Poisson bracket 
is always sfceti»-symmetric, so that the linear combination of the two does not have 
a defininite symmetry. 

Applying the 'e-construction' above to Q.{X), the Gerstenhaber algebra of 
polyvector fields on a manifold X, one obtains a Gerstenhaber algebra Q.{X)^. 

The identities in H6.1.3|) are conveniently encoded in the following result. 

Proposition 6.4.3 ([TT|). The following formulas 

(tt -I- e(y9) a (— 1)'^°^'^ i^ra, and {n + e(p,a}^ := ^T^a + e ■ i^pa 

make n'{X)i, a Gerstenhaber module over Q,{X)g. 

6.5. Lie algebroids. Let X be an algebraic variety with structure sheaf Ox and 
tangent sheaf ^x- Let ^ be a coherent sheaf of Ox-modules equipped with a (not 
necessarily Ox-bilinear) Lie bracket [— ,— ] : ^ x ^ — > £/. 

Definition 6.5.1. The data of a sheaf as above and an Ox-linear map r : 
£/ —f S^x , V ^ Ty, (called anchor map) is said to give a Lie algebroid on X if the 
following holds: 

• The map r is a Lie algebra map; 

• We have [f ■ v,u] = f ■ [v, u] + T^if ) ■ v for any v,u £ £/, / e Ox- 

Examples 6.5.2. (1) The tangent sheaf J7x equipped with the standard Lie bracket 
on vector fields and with the identity anchor map t = id : ^x ■3^x is a Lie 
algebroid. 

(2) Any coherent sheaf of Ox-modules equipped with an Ox-bilinear Lie 
bracket is a Lie algebroid with zero anchor map. In particular, a vector bundle 
on X whose fibers form an algebraic family of Lie algebras is a (locally-free) Lie 
algebroid on X. 

(3) For any Lie algebroid the kernel of the anchor map J{f :— Ker[T : 

S^x\ is a sub Lie algebroid in . This Lie algebroid is of the type decribed in 
example (2) above. 

(4) Proposition IH.l.Hl mav be conveniently expressed by saying that, for any 
algebra A with center Z^, the space Der(A) is (the space of global sections of) a 
Lie algebroid on Spec T-a- 
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(5) As a special case of (4) we get: the Atiyah algebra of a vector bundle £ on 
X has a natural structure of Lie algebroid on X, since Zj^.^^^^^^ ~ k[Ar]. In particular, 
the sheaf S^i of (ordinary) first order differential operators on X is a Lie algebroid 
on X. 

(6) A Poisson bivector tt on a smooth variety X gives the cotangent sheaf a 
Lie algebroid structure. The corresponding Lie bracket of sections of 5^ is defined 
by formula (|6.2.3|l . and the anchor map — > is given by contraction a i— s- i^a. 

Fix a locally free sheaf (a vector bundle) ^ on X and an O^-linear map 
T : S^x- Performing the Symmetric, resp. Exterior, algebra construction to 

the sheaf and to the map r we obtain the following graded algebras and graded 
algebra morphisms: 

Sym'^^ Sym' A'^^A'^jf, k' s^* tC .J^. 

A Lie algebroid structure on si^ (with the anchor map t) gives rise to the 
following additional structures on the graded algebras above: 

• A Poisson algebra structure on Sym* with Poisson bracket given by 



Oi ■ . . . ■ Qp-bi ■ . . . - bj ■ . . . - bg. (6.5.3) 



• A Gerstenhaber algebra structure on A'^ given by formula H6. 1.1(1 . 

• A differential graded algebra structure on A' £/* with differential d : A^^/* 
A_P+^£/* defined as follows. 

For p = 0: the differential Ox = A°^* A^£/* = ^* is the composite 
Ox ^x ~^ ^* ^ where the first map is the de Rham differential and the second 
map is obtained by dualizing the morphism t : si ^ 

For p = 1: the differential d : s/* A'^s/* is given by 

{da, a Ab) := Ta(a, b) — Tf,(a, a) — (a, [a, 6]), Va G x/* , a,b £ si . 

For p > 1: the differential is given by 

p 

d[ax A ... A Qfp) := ^(-1)'""^ • ai A . . . A dcti A ... A 

i=l 

Given a Lie algebroid we define a right Ojc-action on by the formula 
u ■ f :— f ■ u + Tu{f)- Lie algebroid axioms insure that the right action so defined 
commutes with the natural left Ojf-action on si and provides with the structure 
of a (not necessarily symmetric) Ojf-bimodule. This Ox-bimodule may be thought 
of as a coherent sheaf on A x A set-theoretically concentrated on the diagonal 
Aa C A X A. 



*=pj='? 

{ai-...-ap,6i-...-6g} := ^ [a„bj\- ai- . . .■ 

i,3 = '^ 



29 



6.6. Gerstenhaber structure on Hochchild cochains. Let G' be a graded 
associative, not necessarily commutative, algebra equipped with a bracket 

{-,-}: X G« ^ GP+«-\ 

We say that this bracket makes G' a noncommutative Gerstenhaber algebra pro- 
vided it gives G' the structure of Lie super-algebra (in particular, the bracket 
is skew-symmetric/symmetric depending on the parity of its arguments) and the 
super-Leibniz identity H6.3.2|) holds (with the order of factors in the various dot- 
products being as indicated in (16.3.2(1 1. 

Now, let A be an associative not necessarily commutative algebra and write 
C-{A,A) 

0j Hom]i5(A®% yl) for the Hochschild cochain complex of A. 

There is a natural associative (non-commutative) graded algebra structure on 
G' {A, A) given by the so-called cup-product. It is defined, for any / S Cp{A, A), g E 
C^iA^A), by the formula 

/ U 5 : ai, . . . , ap+q i — > /(ai, . . . , Op) • g{ap+i . . . , Up+q). 

The Hochschild differential is a super-derivation with respect to the cup-product, 
that is, we have 

d{f U g) = idf) Ug+ (-l)d<=s/ . / u (dg). 

This formula shows that the cup-product of Hochschild cocycles is again a cocy- 
cle, and the cup-product of a cocycle and a coboundary is a coboundary. Thus 
the cup-product descends to a well-defined associative product on HH'{A,A), the 
Hochschild cohomology. It is not difficult to verify that the resulting graded alge- 
bra structure on HH' {A, A) gets identified, under the isomorphism HH' {A, A) ~ 
Ext^_i3i^oij(A, v4), with the standard Yoneda product on the Ext-groups. 

In addition to the cup- product, there is a much deeper structure on Hochschild 
cochains, revealed by the following result 

Theorem 6.6.1 (Gerstenhaber). (i) There exists a canonical Lie superalgebra 
structure {-,-} : Gp{A,A) x G«(A,^) ^ C^+'i-^ {A, A) , called the Gerstenhaber 
bracket. 

(ii) The cup-product and the Gerstenhaber bracket make C' {A, A) a noncom- 
mutative Gerstenhaber algebra. 

Proof/Gonstruction. For / e Cp{A,A) and g G C'^{A,A), define 

if ° 9){ai, - ■ ■ ,ap+q-i) (6.6.2) 
p 

= ^(-l)''"^^''^"^'/(ai, ■ • ■ , a^-i,g{a„ . . . , a,+,), . . . , Op+q^i). 

i=l 

Notice that if we regrade the cochains by {C'Y :— C^^^, then the degrees are 
additive in this product. This product is not the cup-product that we have discussed 
earlier, it is not associative. However, one has the following key identity in G' {A, A) 
due to Gerstenhaber 

fUg~ (_i)(deg/)(dcg,) . 5 u / = d(/ o 5) - d/ o 5 - (-l)dcg/ .f^dg. (6.6.3) 
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Now, following Gerstenhaber, introduce a bracket on Hochschild cohains by the 
formula 

{f,9} :=/o<?-(-l)(''-^)('-^)<?o/, 
It is straightforward to verify that this gives us a Lie super-algebra structure claimed 
in part (i) of the Theorem. □ 

The remarkable fact discovered by Gerstenhaber is that noncommutative Ger- 
stenhaber algebra structure on Hochschild cochains gives rise to a commutative 
Gerstenhaber algebra structure on Hochschild cohomology. That is, one has 

Proposition 6.6.4. The cup-product and the Gerstenhaber bracket make 
HH'{A,A) a (super-commutative) Gersenhaber algebra. □ 

Proof. We need to show that both the cup-product and Gerstenhaber bracket de- 
scend to Hochschild cohomology. The case of cup-product follows from an easy 
identity 

d{fUg) = dfUg+{~l)^-^f -fUdg. 
Observe that formula (|6.t).3|l insures that the resulting cup-product on Hochschild 
cohomology is graded commutative. 

Observe further that the super-commutator on the LHS of (|6.().3|l is clearly 
skew super-symmetric with respect to / <-> Hence, super-symmetrization of the 
LHS, hence of the RHS of H().6.3|) . must vanish. This yields 

- d{f,g} - {df,g} - . {f^dg} (6.6.5) 

The identity insures that the Gerstenhaber bracket descends to a well-defined 
bracket on Hochschild cohomology. □ 

More conceptual approach to the Gerstenhaber bracket. We will take 
A to be finite-dimensional so we can take duals, otherwise we would need to use 
coalgebras. Consider T{A*). The comultiplication S: A* A* A* extends 
uniquely to a superderivation on T{A*). Now, he space Dei{T*A) of all super- 
derivations on T{A*) is a Lie super-algebra. Now, the Leibniz rule implies that every 
superderivation € Der(T(A*)) is determined by where it sends each generator. 
Hence it determines a k-linear map A* T{A*) (simply see where each basis 
element of A* is sent). Clearly the correspondence is reversible, so 

DeT{T{A*j) = }iomtiA*,T{A*)) ^ {A*)* (»T{A*) 

^A(E) T{A*) = Homk(TA, A), 

where we consider the graded dual of T{A*). Notice that the n}^ degree component 
of Homk(TA, A) is given by Homk(A»", v4) = C"(^, A). Since Der(T(^*)) is a Lie 
super-algebra, we obtain a super-bracket on C"(A, A), which is the Gerstenhaber 
bracket. 

Remark 6.6.6. Recall that HH'^{A, A) — Za, is the center of the algebra A. For this 
reason, one may think of the algebra HH' {A, A) as a kind of "derived center" of A. 
The corollary above confirms that this "derived center" is indeed a commutative 
algebra. 

Recall that the center of A may be identified further with Hom(IdA-mod, Idyi-mod), 
the endomorphism algebra of the identity functor on the category of left j4-modules. 
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In this spirit, one may think of HH (A, A) to be Ext (Idyi-mod, IdA-mod), the appro- 
priately defined Ext-algebra of the identity functor. 

6.7. Noncommutative Poisson algebras. In this subsection, given an associa- 
tive algebra A, we always write [a, 6] := a-b — b-a, for the commutator with respect 
to the associative product. To avoid confusion, we will use the notation { — , — } for 
the Lie bracket on a Lie algebra. 

Example 6.7.1. Let A be any associative algebra, and t e k a fixed number. For any 
a Cz A, the map [a, — ] : A ^ A is a derivation, the inner derivation corresponding 
to a. Hence, the map t ■ [a, — ] is also a derivation. Therefore, setting {a, b}t :— 
t ■ [a,b], one obtains a Poisson algebra structure on A. Note that, for t ~ 0, the 
corresponding Poisson bracket vanishes identically. 

Write Assoc, Comm and Lie for the operads of associative, commutative, and 
Lie algebras, respectively, cf. e.g. [(xiKj for more information about operads. Also, 
let Poiss, and NC-Poiss denote respectively the operads of commutative and not 
necessarily commutative Poisson algebras. 

Taking the zero-bracket on a commutative associative algebra, one obtains a 
functor commutative algebras — > commutative Poisson algebras. Further, forget- 
ting the associative product on a commutative Poisson algebra, gives a functor 
Forget : Poisson algebras — > Lie algebras. These functors give rise to the follow- 
ing canonical sequence of morphisms of operads 

Lie — > Poiss — > Comm. 

The forgetful functor Forget : Poisson algebras — > Lie algebras has a left adjoint 
functor ^Forget : Lie algebras — > Poisson algebras. It is given by associating to a 
Lie algebra q the symmetric algebra Symg, equipped with Kirillov-Kostant bracket, 
cf. sectional Thus, the commutative Poisson algebga Symg may be thought of 
as the (commutative) Poisson envelope of the Lie algebra g. 

Similarly to the above, taking the zero-bracket on an associative algebra, gives a 
functor associative algebras — *■ NC-Poisson algebras. Also, forgetting the associa- 
tive product on an NC-Poisson algebra, gives a functor Forget : NC-Poisson algebras 
— > Lie algebras. These functors give rise to the following canonical sequence of 
morphisms of operads 

Lie — > NC-Poiss — > Assoc. 

Question 6.7.2. Is it true that the operad maps above induce an isomorphism 
NC-Poiss/(Lie) — ^ Assoc, where (Lie) denotes the operad ideal in NC-Poiss gener- 
ated by (the image of) Lie. 

It is easy to see that the operad NC-Poiss is quadratic. Therefore, since Assoc' = 
Assoc and Lie' = Comm, the sequence above induces the dual sequence 

Assoc — > NC-Poiss' — > Comm. 

We recall that the operad Poiss is known to be Koszul, see \iY\K\ and also jMSSj . 
Theorem 6.7.3. The operad NC-Poiss is Koszul. 
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Proof. The theorem would immediately follow from Theorem 4.5 of |Mlj once we 
check that the following distributivity rule 

[ab,c] = a[b,c] + [a,b]c. (6.7.4) 

that ties up the associative product with the Lie bracket is a distributive law. This 
can be done in either of the following two ways. 

(1) It is easy to verify directly that H6.7.4|l satisfies the condition of Definition 
2.2 of the above mentioned paper, that is, it is indeed a distributive law. 

(2) A less direct way is the following. It follows from general theory (see, for 
example. Theorem 3.2 of |FMp that H().7.4|) is a distributive law if, for any vector 
space V, the free noncommutative Poisson algebra NCP(V) on V is isomorphic to 
T{L{V)), the free associative algebra generated by the free Lie algebra on V. 

It is obvious that NCP{V) = Pnc(,L{V)), the NC-Poisson envelope of the free 
Lie algebra L[V) which you defined in your paper. It is immediate to see that 
the ideal I defined on page 26 of your paper is trivial \i g = L{V)^ therefore 
Pnc{L{V)) = T{L{V)) and the resuh follows. 

Therefore the Koszulity of NC-Poiss follows from the same arguments as the 
Koszulity of the usual commutative Poiss. □ 

The forgetful functor Forget : NC-Poisson algebras — > Lie algebras has a left 
adjoint functor ^Forget : Lie algebras — > NC-Poisson algebras. In other words, 
given a Lie algebra g, there is a uniquely defined NC-Poisson algebra Vncio), called 
the NC-Poisson envelope of g, that comes equipped with a Lie algebra map i : g — > 
Vncio) (with respect to the Poisson bracket on 7^nc(fl)) and such that the following 
universal property holds: 

• For any NC-Poisson algebra P and a Lie algebra map cj) : g P there exists 
a unique morphism Vnc{4') ■ 'Pncis) P, of NC-Poisson algebras, that makes 



the following diagram commute 



;(0) (6.7.5) 



The construction of universal universal NC-Poisson envelope 7^110(0) is due to 
Th. Voronov in |Voj . It is based on the following 



Lemma 6.7.6 ( | Vo| ) . Let P be a not necessarily commutative Poisson algebra with 
Poisson bracket {—,—}. Then, for any a,b,c,d,u € P, one has 

{a, b} ■ u ■ [c, d] — [a,b] ■ u ■ {c, d}, 

where [x,y] = x ■ y — y ■ x stands for the commutator for the associative product. 

Proof. Consider the expression {ac, bud}. Compute this in two different ways, first 
by applying the Leibniz rule for {ac, — }, and second, by applying the Leibniz rule 
for{-,6ud}. □ 



^This proof was kindly communicated to me by Martin Markl. 
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Now, given a Lie algebra g with Lie bracket {— , — }, Voronov considers a two- 
sided ideal / C T{g), in the tensor algebra of the vector space g, generated by the 
elements indicated below 

/ := (({a, b} -u - [c, d] -[a,b]-u - {c, d}))Q,b,c,d6g, «6T(b) , 

where [— , — ] stands for the commutator in the associative algebra T{g) and {— , — } 
stands for the Lie bracket in g. 

Theorem 6.7.7 f IVop . The assignment 

(ai (g) . . . (g) a/c) X (61 g) . . . g) hi) I — > {oi g) . . . g) afc , 61 g) . . . g) 6;} 

k I 

^ ^ 61 g) . . . g) g) ai g) . . . ® Us-l g) {ar, bs} g) flr+lg) 

r— 1 5—1 

g) . . . g) afe g) bs+i ® . . .bi 

gives rise to a well-defined noncommutative Poisson structure on the associative 
algebra T{g)/I. The universal property (|6.7.5|l holds for the NC-Poisson algebra 
Vncig) T{g)/I thus defined. □ 

Example 6.7.8. Let g be a Lie algebra and Ug its enveloping algebra. We may 
consider the associative algebra Ug as a NC-Poisson algebra with Poisson bracket 
{— } = [—,—]. Therefore, the canonical Lie algebra map g ^ Ug gives rise, 
via the universality property of 'PncCfl), to a natural morphism VndQ) ^ Ug of 
NC-Poisson algebras. The latter morphism is easily seen to be surjective. Thus, 
Ug is a quotient of 7^nc(0)- 

A similar argument shows that the commutative Poisson algebra, Symg, is also 
a quotient of 'PncCfl)- 



7. Deformation quantization 

7.1. Star products. Let A be an associative k-algebra. We wish to define a twisted 
"product" on A. For a, 6 € A, define 

aotb = ab + t(3i{a, b) + t^P2{a, b) + ■ ■ ■ e A[[t]] 

for maps f3j : A x A ^ A. We wish for this map to be "associative," and ask what 
conditions this places on the /3j's. Define 

a ot [b ot c) = (a ot {be)) + [a ot /3i(6, c)]t + [a /32(&, c)]t^ + • • • , 

and similarly for (aot5)ojc. Clearly there is no issue for the constant term. Consider 
the coefficients of the t term. From (a ot b) c we obtain (3i{ab, c) + /3i(a, 6)c, and 
from a ot (b ot c) we obtain al3i{b, c) -I- (3i{a, be). Equating these two we see that 
/3i : A^ A ^ A must be a Hochschild cocycle in C'^{A, A). In particular, we begin 
with a commutative algebra A (which we can think of as the affine coordinate ring 
of a variety X), and we will require the deformed products oj to be associative only. 
It is interesting to examine how noncommutative oj is, so we define 

[atb] ^ aotb-bota^ t[l3i(a,b) - (3i[b,a)] + 0{t^). 

Define {a, 5} = /3i(a, b) — Pi(b, a), which is clearly a skew-symmetric product on A. 
So, we can write 

[atb]=t{a,b} + 0{t^). 
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Now, recall that commutator in any associative algebra satisfies the Jacobi 
identity. So, for (^[[i]],ot), we have the identities 

[atb c] = [atb] OfC + bo^ [atc] 

[[atb]tc] = [[btc]ta\ + [[cta\tb]. 

Now, we insert the formula [atb] = t{a,b} + 0{t'^) into Leibniz's rule and take 

only the first order terms. Since every term of the bracket on A[[t\] introduces a 
factor of t, we need only take the first order terms of each term. For example, we 
find that 

[atb ot c] = [atbc] + 0{t^) = t{a, be} + 0{t^). 

The other brackets simplify similarly, so we obtain 

{a, bc\ = {a, 6}c + b{a, c}. 

Similarly, we examine Jacobi's rule and take the coefficient of the lowest power of 
t, namely t^. Arguing similarly, we find that 

{{a, 6}, c} = {{b, c}, a} + {{c, a}, b}. 

So, {— , — } is a Lie bracket on A, and combined with the associative product on A 
it satisfies the Leibniz rule. This defines the structure of a Poisson algebra on A. 
So, we can reformulate the problem of classifying deformation quantizations as a 
problem regarding Poisson algebra structures that can be placed on A. 

7.2. The calculations above have one large deficiency: if /?i is identically zero then 
the bracket {•, •} will be as well. So, we repeat the above reasoning for the general 
case of formal deformations. 

Thus, let A be a commutative associative algebra, and A he a formal flat de- 
formation of A, i.e., a topologically free (not necessarily commutative) associative 
k[[f]]-algebra equiped with an algebra isomorphism A/tA = A. 

Since A is commutative, this implies that for each a,b G A, ob — baG tA. For 
each pair a,b & A, define a natural number m(a, b) to be the maximum integer such 
that 

[a~b] e 

If [a, 6] is contained in every tM, we set m(a, b) = oo. Let N = min{m(a, b) \ 

a,b E A}, which is necessarily greater than or equal to 1. Now, by Krull's theorem, 
we know that Pli^i = 0, so if A'' = oo this means that every [a, b] G fA for each 
i> 1, hence [a, 6] = 0. This would force A to be commutative. 

Since we are interested in noncommutative deformations, we will only consider 
the case N < oo. For any a,b £ A, choose a,b £ A such that 

d mod tA = a, b mod tA = b. (7-2.1) 

Then by the definition of A'', we know that [d,b] € t^A, so (ab — bd) is a 
well-defined element of A. We define 

{a, &} = t-^ [5, b] mod tA. (7.2.2) 

It is then easy to check that {a, 6} is independent of the choice of a and b, and that 
{•, •} gives A the structure of a Poisson algebra. 
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7.3. A Lie algebra associated to a deformation. Let now A be an associative, 
not necessarily commutative, algebra and write Za for the center of A. 

Hayashi observed, see [Hay], that given A, a formal flat deformation of A, 
the construction of the previous subsection can be adapted to produce a Poisson 
structure on Za, a commutative algebra. In more detail, let a,b G Za, and choose 
d,b e A asm (|7.2.1|l . Then, put 

{a, b} :— j[a, b] mod tA 

It is straightforward to verify that 

• {a,b} e Za; 

• {a, b} is independent of the choices oi a,b G A; 

• The assignment a, b i — > {a, b}, makes Za sl Poisson algebra. 

Remark 7.3.1. The reader should be alerted that, in contrast with the case of 
H7.2I the Poisson bracket on Za thus defined may turn out to be identically zero. 
The reason is that unlike formula H7.2.2|l . we now divide by the first power of t 
rather than the A^*'* power (one can check that dividing by the A^*'* power does not 
give rise to a well-defined bracket on Za)- Now, given a,b G Za, put N{a,b) := 
min- f^g^ m(a, 6), where the minimum is taken over all possible lifts of a and b. 
Then, it is clear from the construction that if N{a, b) > 1 then the elements a, b 
Poisson commute. Therefore, the Poisson bracket on Za vanishes whenever one has 
N{a,b) > l,ya,b gZa- 

The Hayashi construction has been further refined in |BD| as follows. We 
introduce the following vector subspace 

A' := {a I a G A such that a mod tA G Za}- 

We put A :— A! jt- A' . Observe next that, for any a,b G A', we have [a, b] G tA, 
We claim that the element j[d, b] belongs to A' . Indeed, for any c G A, using Jacobi 
identity in A, we find 

[i[a,6],c] =i[[a,5],6] [b,c]] G \[tA,b] + }[d,tA] 

= [A, b] + [a. A] d tA + tA = tA. 

Hence, the expression in the LHS of the top line vanishes modulo t. Thus, we have 
proved that j[d,b] G A'. Further, it is easy to see that the class j[d,b] mod tA' 
depends only on the classes d mod tA' and b mod tA' . 
This way, one proves the following 

Proposition 7.3.2. (i) The assignment d,b i — s- ^[d,b]modtA' induces a Lie 
algebra structure on A. 

(ii) The projection A Za , d i — > d mod tA, is a Lie algebra map (with respect 
to the Hayashi bracket on Za), that gives rise to a Lie algebra extension: 

— > A/Za — > A — > Za — ^ 0. 

(iii) The adjoint action of A' on A descends to a well-defined Lie algebra action 
of A on A, i.e., gives a Lie algebra map A — > Dei(A) , x dx; moreover, for any 
X G A/Za C A and a G A, we have dx{a) — [x, d] mod tA, where x,d G A are any 
lifts of X and a, respectively. □ 
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7.4. Example: deformations of the algebra End(£). Let S be an algebraic 
vector bundle on a affine variety X, and A = End{£) the endomorphism algebra 
of this vector bundle. The center of this algebra is Za — k[X] C End(£), the 
subalgebra of 'scalar' endomorphisms. 

Now let A be a formal deformation of the algebra A. By Hayashi construction, 
this deformation gives rise to a Poisson bracket on Za — ^[X], thus makes X a 
Poisson variety. In particular, assigning to each z G h[X] the derivation {z, — } 
yields a Lie algebra map ^ : k[X] Der(Ik[X]) = ^(X). 

Recall the Atiyah algebra A{£) = Der End(f ) of first order differential operators 
on £ with scalar principal symbol, introduced in H3.6I The following result gives an 
explicit description of the Lie algebra A of Proposition 17.3.21 in the special case at 
hand. 

Proposition 7.4.1. There is a natural Lie algebra map : A ^ A{£) making the 
second row of the diagram below the pull-hack (via ^) of the standard Lie algebra 
extension in the first row of the diagram 

^ End{£) ^ A{£) ^ .^{X) ^ 



id 



^ End{£) ^ A ^ k[X] ^ 

Proof. By definition, the Lie algebra Theorem 13.6.41 is the Lie algebra of 
derivations of the endomorphism algebra, which is our algebra A. Therefore, 
producing a map : A ^ A{£) amounts to constructing a Lie algebra map 
A Der A. But the latter map has been already constructed in part (iii) of 
Proposition 17 . 3 . 2l It is straightforward to verify, using part (ii) of that Proposition 
that the map arising in this way indices the map ^, the vertical arrow on the 
right of the diagram above. □ 

7.5. 

Definition 7.5.1. Let i? be a k[[t]]-algebra with i-linear associative, not necessarily 
commutative product oj and a i-linear Lie bracket [—,—]( such that 

• [b, -Jt is a derivation with respect to oj; and 

• aOf.b—boia = t[a,b]t. 

Then we say that _B is a t-algebra. 

Example 7.5.2. (i) If i? is a flat deformation A — A[[t]] of an algebra A such that 
A is commutative, then [a, b]t — "°*^'r''°*° makes A into a i-algebra. 



(ii) Let A be a Poisson algebra with Poisson bracket {— , — }. Take oj to be the 
given multiplication and [— , —]t — {— , — }, and let t act by zero on A. Then i? is a 
t-algebra. 

We let ^3^A denote the moduli space of flat deformations as t-algebra of 
a given Poisson algebra A (recall that we assume that all Poisson algebras are 
commutative). The quantization problem can be summarized as an attempt to 
understand this space. Recall the moduli space ^a of deformations of A as an 
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associative algebra. Giving a Poisson structure on A is equivalent to giving an 
element of the second Hochschild cohomology of A, which we identify with the 
tangent space of at A. That is, an element of ^ 3^ a corresponds to an element 
of Ta~^a- So, we can view ^ a is the germ of the blow-up of ^a at the point 
given by A and tangent direction specified by the given Poisson structure on A. 

7.6. Moyal-Weyl quantization. Let be a symplectic manifold (recall that 

this means that uj G is nondegenerate and closed, dio = 0). Let A ~ \\y\. 

The symplectic form lo gives rise to a Poisson bracket in the following way. Since 
Lo is nondegenerate, it induces an isomorphism of bundles TV ~ r*V^. Given some 
section a £ T{V, T*V), this isomorphism provides a vector field £_a G T{V, TV). So, 
if / G lk[y] is a regular function, df is a one-form, that is, df S r{V,T*V). This 
gives rise to a vector field ^df S ^{V, TV). So, if we have two functions /, g € k[V], 
we define 

{/,.9} = Cdfg- 

This is clearly skew-symmetric. 

We consider a special case where F is a symplectic vector space of dimen- 
sion dim y — 2n, so a; g A^V* is a nondegenerate skew-symmetric bilinear form 
Lu : V AV h. Recall that given such a symplectic form lo on V, we can find coor- 
dinates pi, . . . ,pn,qi, . . . ,qn on y such that in these coordinates uj is the standard 
symplectic form, i.e., 

n 

UJ = dpi A dqi . 

i=l 

Then if / is a regular function on V, we find that the vector field associated to df 
is given by 

a/ _a_ _ d£_d_' 

dpi dqi dqi dpi J ' 

so that 

{f gj^y^ 95 _ df dg ' 
^ ydpi dqi dqi dpi 

Let TT S A^y be the bivector obtained by transporting the 2-form u) via the 
isomorphism A^V* — ^ A^ V induced by the symplectic form w. Using tt we can 
rewrite the above Poisson bracket on k[y] as /, g i-^ {/, g} := {df A dg, tt) on k[V], 
the polynomial algebra on V. The usual commutative product m : k[V] k[V] — > 
k[V] and the Poisson bracket {— , — } make k[V] a Poisson algebra. 

This Poisson algebra has a distinguished Moyal-Weyl quantization ( \Mo\ . see 
also |CP| 1. This is an associative star-product depending on a formal quantization 
parameter t, defined by the formula 

f*tg:^moe^'^if(^g)ek[V][t], V/, 5 G k[y][t]. (7.6.1) 

To explain the meaning of this formula, view elements of Sym V as constant- 
coefficient differential operators on V. Hence, an element of Sym y® Sym y acts as 
a constant-coefficient differential operator on the algebra k[V] (S) k[V] ^ k[V x V]. 
Now, identify A^y with the subspace of skew-symmetric tensors in V ^V. This 
way, the bivector tt g A^y C V (^V becomes a second order constant-coefficient 
differential operator tt : k[V] (g) k[V] k[V] (g) k[V]. Further, it is clear that for any 
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element f^g E k[V]^'k[V] of total degree < N, all terms with d > in the infinite 
sum e* '^(/ (8) 5) = X)d^o fZT ® vanish, so the sum makes sense. Thus, the 
symbol moe*'^ in the right-hand side of formula H7.6.1() stands for the composition 

k[V] ® k[V] > k[V] (g) k[V] (g) k[t] > 



where e is an infinite-order formal differential operator. 

In down-to-earth terms, choose coordinates xi, . . . ,Xmyi, ■ ■ ■ ,yn on V such 
that the bivector tt, resp., the Poisson bracket {— , — }, takes the canonical form 

^^y^_9_^_a res If I^V-^-^--^-^ (7 6 2) 

dxi dyi dyi dxi' ' dxi dy^ dyidxi' 

Thus, in canonical coordinates x — {xi, . . . ,Xn),y — (j/i, ■ ■ ■ ,yn), formula l|7. 6.1(1 
for the Moyal product reads 



v—y" =y 



\- ^^'/(^'^) d^^'ai^^y) .7.o^ 

. ^„ ^ ' j!l! ■ dx^dy' ' dy^dx' ' ^ ^ 

where for j = (ji, . . . , j„) G Z|o we put |j| = and given j, 1 e Z'^g, write 

1 ^+1 ^ 1 

7.7. Weyl Algebra. A more conceptual approach to formulas (|7.6.1|I - H7.6.3|I is 

obtained by introducing the Weyl algebra At{V). This is a k[i]-algebra defined by 
the quotient 

AtiV) := {TV*)[t]/I{u(gu' -u' (g)u-t- {n,u (g u'))u^u'eV' , 

where TV* denotes the tensor algebra of the vector space V*, and /(. . .) denotes 
the two-sided ideal generated by the indicated set. 

For instance, if dimV^ = 2 and p,q are canonical coordinates on V, then we 
have 

At = At{V) = k {p, q) l{pq -qp^ t). 

By scaling, there are essentially only two different cases for t, namely t = Q 
or t ^ Q. However, it will be convenient to have a continuous parameter. Also, 
the algebra Ai will be called simply the Weyl algebra. Notice that even though 
a monomial does not have a well-defined degree (for example, pq — qp — t, the 
left-hand side has degree two and the right is not even homogeneous if t ^ 0), we 
can see that any homogeneous monomial has a highest degree in which it may be 
expressed. We filter At{V) by this highest degree for each monomial. 

Now, a version of the Poincare-Birkhoff-Witt theorem says that the natural 
symmetrization map yields a k[t]-linear bijection aw ■ ^[V][t] ^tiV). In the 
special case of a 2-dimensional space V, the linear bijection at : k[p, q] — > At is given 
by sending p"^q" G k[p,q] to the average of all possible permutations of the m p's 
and n g's. This becomes the identity when we pass to the graded case. That is, 
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if (/3 is a homogeneous polynomial, then the principal symbol of <Tt{if) in gr At is 
precisely ip. 

Thus, transporting the multiplication map in the Weyl algebra At(V) via the 
bijection aw, one obtains an associative product 

k[V][t] ®^t] HV][t] ^ k[V][t], f®g^ '^wi'^wif) ■ '^wig))- 
It is known that this associative product is equal to the one given by formulas 

The easiest way to see the last assertion is to argue heuristically as follows. We 
assume dim V = 2, for simplicity. 

First of all, one verifies that f ® g = (^y/^^wif) • ^w{g)) admits an expansion 
with the initial term fg plus terms of higher order in t whose coefhcients are all 
composed of differential operators with polynomial coefficients applied to / and g. 
Given this claim, we can then extend the product formula to all smooth functions, 
not just polynomials. In particular, we choose to take 

ip{p, q) = e"P+'^« and g{p, q) = e^P+^\ 

where none of a, /?, 7, (5 equal one another and none of them equal zero or one. Then 
a differential operator on and g is determined completely by its action on the 
above and g. 

So, we have essentially moved from the problem of computing the product in 
At to computing its logarithm. In the case of Lie algebras, we can invoke the 
Campbell-Hausdorff theorem to obtain some partial information. In this case, we 
know that both and are elements of an associated Lie group, hence so is 
0( e^. So, we should be able to express oj = e^*'-^^*'-' for some function 
Zt{x,y). In particular, we always know the first two terms: 

zt{x,y) = {x + y)+^-[x,y] + 0{t^). 

Notice that the first term is x-\-y. Here is a little exercise: Check that the /3^ 's (the 
coefficient V) can be expressed as a differential operator as we claim if and only if 
the above expansion starts with x + y. 

We now specialize the general Campbell-Hausdorff theorem in the case of the 3- 
dimensional Heisenberg Lie algebra f) with basis {x, y, c} and commutation relations 

[x,y]=c, [x,c] = [y,c]=0, 

in particular, c is central. 

It is clear that the Weyl algebra At is a quotient of the enveloping algebra 
of (), specifically, we have At = '^(f))/(c — t). So, we can apply the discussion 
regarding the Campbell-Hausdorff theorem to f). Notice that since every bracket is 
central, there can be no nontrivial interated brackets. So, we can check that the 
Campbell-Hausdorff theorem yields the simple relation 

zt{x,y) = (a; + y) + ^[x,y]. 

We find that 

We can generalize the above to the case dim V > 2. This will allow us to better 
understand some of the symmetries of the situation. The Heisenberg Lie algebra ^ 
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for dimension V is given by a central extension of k by treated as an abelian Lie 
group (i.e., [vjw] — for all v,w £ V). That is, 



0- 







The above exact sequence splits as a vector space, so we may write f) = kc + V, 
where c is a non-zero element of k. To determine the Lie bracket on f), we need 
only compute [x,y] for x,y G V (since c is central). We set [x,y] = uj(x,y)c for 
all X, y £ V . Notice that this is invariant under the action of the symplectic group 
Sp{V^ uj) on V . In our situation, we obtain the formula 



Of = e^+^+5"(^'a) 



which is a simple scalar correction term. If we now apply this calculation for 
(/3(p, q) = e"P+^9 and V(p, q) = eTP+'^«, we find 



04 i/)(p, q) = exp 



'-io(a-p + 7p + 8q) 



= exp<{ -[a-^uj{p,p) + a6uj{p,q) + (3^uj{q,p) + I35uj(q,q)] (^V 



= exp 



E 



2"n! 



[aS - l3-f)'^ipip, q)i}j{p, q). 



Of course, a corresponds to differentiating Lp with respect to its first argument, (3 
is differentiation of with respect to the second, etc. So, for any f,g (z k[p, g], we 
obtain 



d d 



d d 



2"n! \dp' dq" dp" dq 



p =p =p 



The right hand side here is exactly the same expression as given by formula (|7.t).3|l . 



8. Kahler differentials 



8.1. In order to make some connections to geometry, we are going to discuss a 
construction for commutative algebras. So, until further notice, A is a commutative 
algebra. Kahler differentials for A are ^-linear combinations of the symbols db, 
where b E A and d{ab) = adb + bda. More formally: 

Definition 8.1.1. Set fll^^{A) := A® A/{ab c - aig) be + acS) b). The elements 
of nl^^^{A) are called the (commutative) Kahler differentials of A (intuitively, a(Sb 
should be thought of as a differential form a db) . 

Let us examine the connection of fll^^-^{A) to Hochschild homology. Recall that 
Hochschild homology is the homology of the complex A^^ A®^ A ^ 0. An 
element a ^ b oi A^ A is automatically a 1-cycle, since d{a (g) 6) = ab — ba = Q as 
A is commutative. Since 



d{a ®b®c) = ab®c— a®bc + ca®b = ab®c — a®bc + ac®b, 
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we see that the relation for fll^j^{A) is derived precisely from the consideration of 
1-boundaries. So, 

nl^{A)c^HH,{A). 

If we think of fll^^{A) as the free A-modulo generated by symbols db where d 
acts as a derivation from A to A, we find that dlA = through the usual argument 
that a derivation is zero on constants. Indeed, we find that ^(AIa) = for all A e k. 

The space of Kahler differentials for A plays an important universal role relative 
to derivations. Define d: A^ Ql^^{A) by 9a = a ig) 1a — 1a ® a- Then d is indeed 
a derivation, and we will often denote it symbolically by a i— > da. 

Theorem 8.1.2. Let M be an A-module and let 9: A^ M be a derivation. Then 

the assignment fll^^{9) : (adb) > a6{b) gives an A-module m,ap ill^j-^^(d) : fll^^^{A) 
—^ M , which is uniquely defined by the requirement that the following diagram 
commutes: 

A — ^nlUA). 




The proof is a routine calculation. 

Example 8.1.3. Consider the case A = SymV^, the symmetric algebra for the k- 
vector space A. Since a derivation on an algebra is uniquely defined by specifying its 
values on generators and applying the Leibniz rule, we find that Der(Sym V, M) ~ 
Homij(y, M). Then the theorem asserts that there is an isomorphism between 
Der(Symy, M) and lloTa.A{0^om{A) , M) , so Q.l„^{A) is the unique SymF-module 
such that 

Homk(V^, M) ~ HomA(l^<^om(^), M). 
Clearly, Q.].^^{A) is the free Syml/- module with V being the space of generators 
that is, ^].^^{A) ^ (SymF) ® V. With this definition, we can explicitly calculate 
that d: SymV = A^ f^com(^) = (SymF) ®V \s given by 

n 

d{vi ■ ■ ■ Vn) = y^^Vl ■ ■ -Vj ■ ■ ■ Vn ^ Vj- 

i=l 



Suppose now A = k[X], the algebra of regular functions on some afiine variety 
X. We would like to identify with the space of global sections of 

the cotangent bundle on X. This can be done in the following way. 

Consider the diagonal embedding X c X x X. Then we can view ,3^x as the 
normal bundle to X in X x X, that is, TX = Tx{X x X). Similarly, we view 
3^*{X) as the conormal bundle T'^{X x X). We would like to be able to identify 
^com(^) with r(X, X X)), the space of regular sections of the corresponding 

conormal sheaf. 

In general, if we have an embedding X oi affine varieties, then we obtain 

an embedding I{X) C k[F], where I{X) denotes the ideal of regular functions 
vanishing on X. We can view I{X)/I[XY as a linear form on TxY which is zero 
in the X-direction. Intuitively, if / € I{X), then the Taylor expansion of / around 
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a point X X begins with the first derivative. By quotienting out I(X)'^, we are 
killing the higher derivative terms, and only considering the derivative of / applied 
to a tangent vector to Y. So, the definition r{X, ^xY) := I{X)/I{XY seems to 
be a legitimate one. 

In our case, Y = X x X and X ^ X x X is the diagonal map, so I{X) = 

Ker(^(g) j4 A), where the map is multiplication. Notice that multiplication is an 
algebra map if and only if A is commutative. We can now formulate the following 
proposition. 

Proposition 8.1.4. There is a canonical isomorphism of A-modules, 

nlUA) ^ i{x)/i{xf. 

Proof. First, we will set / = I{X) = Ker(^ ^ A ^ A) to simplify the notation. 

Given A a commutative algebra, the multiplication map m : A (g) A ^ A is an 
algebra homomorphism, and we let / denote its kernel, which is therefore an ideal of 
A® A. Let M be a left A-module. We will view M as an A-bimodule by equipping 
it with the symmetric A-bimodule structure, that is, m • a = am for all m e M, 
a& A. Then the short exact sequence of A-bimodules 

^7 ^ A^^yl ^0 

induces a long exact sequence of Ext-groups, the first few terms of which we produce 
below 

HomA-bimod(^, M) HomA-bimod(-4 (g) A, M) HomA-bimod(-f , M) 

- Extlbi.od(^, M) ^ Extlbi.od(^ ® A, M) ^ • • • . 
Now, since an ^-bimodule is a left A (g) A°P-module, and A is commutative, we see 

that A® A IS the free A-bimoduIe of rank one. Hence 'Ej'yit\j^-^^^^{A® A, M) = and 

Hom^.bimod 

{A (g) A, M) ~ M. Also, we have by definition that Yj-yLi\_^^-^^^^{A, M) ~ 
HH^{M), the first Hochschild cohomology of A with coefficients in M, which is 
precisely the set of all outer derivations from A to M. However, M has a symmetric 
A-bimodule structure, so there are no inner derivations. Hence, Ext\_^j;^Q^{A, M) ~ 
DeT{A,M). 

Finally, we observe that HouiA-bimodiA, M) = {m, G M \ am = ma}, since 
this is just the zeroth-degree Hochschild cohomology. But M is symmetric, so this 
is all of M. Therefore, the map Hom^_bimod(A, Hom^_bimod(A ^ ^,M) is 
an isomorphism, and HomA-bimod (-'') Der(A, M) is a surjection. A calcula- 
tion then shows that in fact Hom^.bimod (-f ) — Hom^(///^, M), so we see that 
^com(^) — I/I'^j which is essentially the definition we gave before. 

Then given an A-bimodule (i.e., an A A- module), the A-bimodule M/IM 
has a symmetric bimodule structure, that is, am = ma for all a E A and m G M. 
Second, we recall that the bar complex is exact, and that it was (initially) given by 

^(33 — A(®A A ^ . 

So, / = Im6. So, the following sequence is exact 

^A®A ^ A ^0 . 

Now, both Tor and Ext are homological functors, so they associate long exact 
sequences to short exact sequences such as the one above. Since A (g A is a free 
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A-bimodule, ExtA-h\wod{A(^A, — ) = 0. By standard results in homological algebra, 
we obtain that for any A-bimodule M, 

Extibimod(^, M) Ext°_bi^od(^, M). 

But we know that Ext\_i,;^^d{A, M) ~ HH^{M) ~ Der(A, M), and also that 
Extlbimod(^>Af) ~ HH°{I,M) = HomA-bimod(/,M). Now recall that A is com- 
mutative and M is a symmetric bimodulc. Then 

HomA-bimod(/,M) = HomA-mod(///^M). 

Following the line of isomorphisms, we find that indeed ///^ ~ ill^^{A). □ 

This proof relied heavily on the symmetry of the module actions. Indeed, this 
is the first point where we will see noncommutative and commutative geometry 
diverging. 

Remark 8.1.5. Identify f7com(^) with I/P where / = Ker[m : A (g) A ^ A]. It 
is easy to check that the map ilcom(^): I/I^ M corresponding to a derivation 
9: A — > A/ is induced by a map A® Az) I M given by a similar formula 

En ^ — 
ai®hi I — > y aid{bi). 

The Leibniz formula for 6 insures that this map indeed vanishes on I^. 



9. The Hochschild-Kostant-Rosenberg Theorem 



9.1. Smoothness. Let X C 

mial equations 

X ^ {x^ (xi, 



be an algebraic set defined by a system of polyno- 

Xn) e k 



I =0,...,/,(a:) =0}. (9.1.1) 

Thus, X is the zero variety of the ideal / := ((/i, . . . , fr)) C k[a;i, . . . , a;„]. We 
call k[X] := k[a;i, . . . ,a;„]// the (scheme-theoretic) coordinate ring of X. Hilbert's 
NuUstellensatz says that the ideal / is radical^ i.e., the algebra k[X] has no nilpo- 
tents, if and only if I is equal to the ideal of all polynomials / G k[xi, . . . , a;„] that 
vanish on the set X pointwise. In this case, the coordinate ring \s\X] is said to be 
reduced, and the algebraic set X is called an afhne algebraic variety. 

We would like to discuss the notion of smoothness of algebraic varieties. To this 
end, fix an algebraic set X as in l|9.1.H) . For any point a G X, we introduce the 
following Jacobian n x r-matrix: 



Ja{fl-, ■ ■ ■ ,fr) — 



/ afi(x) 
I Ox, 

af2(x) 



dxi 



dfAx) 
dxi 



dfijx) 

dXn 

df2{x) 

dXn 

Of 



\ 



Further, let Oa denote the local ring at a (the localization of k[X] with respect to 
the multiplicative set of all polynomials / such that /(a) 7^ 0), and write rUa C Oa 
for the maximal ideal of the local ring Oa- Thus Oa/ma = k, and ma/na^ is a 
finite dimensional vector space over Oa/rria — k. We consider the graded algebra 
Sym* (ma;/m^) :— 0->q Sym*(ma;/mJ), and also the graded algebra 0.>p m^/ml'^^. 
The imbedding m^/m^ ^ ®i>o na'/'Tix^^ extends by multiplicativity to a graded 
algebra homomorphism Sym' (ma;/m^) — > 0j>Q m^/m^'^^. 



44 



One has the following basic result. 

Theorem 9.1.2. For an irreducible algebraic set X the following properties (i) - 
(iv) are equivalent: 

(i) For any x G X, the map Syni'(ma;/m^) — * 0,>o tnYnr^"''^ is an isomor- 
phism; 

(ii) The module fllg^{k[X]) of Kdhler differentials is a projective k[X]-module; 

(iii) The coordinate ring k.[X], viewed as a module over k[X]** = k.[X] k[X], 

has a finite projective resolution; 

(iv) For any point a € X one has rk Ja(/i, . . . , fr) = n — dimX. 

The algebraic set X satisfying the equivalent c;onditions (i)-(iv) of the Theorem 
is called smooth. It is easy to see that condition (i) above implies that k[X] is 
reduced, i.e., a smooth algebraic set is necessarily an afRne algebraic variety. 

Theorem 9.1.3 (HKR). Let A = k[X], where X is a smooth affine variety. Then 

HHk{A) = T{X,K\r*{X)) = k\nl^M 
HH''{A) =V{X,h^.Sr{X)) = A^Der(A), 

where ^{X) is the tangent bundle of X, J^*[X) is the cotangent bundle, and 
T{X, •) denotes global sections. 

Remark 9.1.4. First, observe that the HKR theorem shows that both Hochschild 

homology and cohomology are commutative algebras (i.e., the total homology 
HH,{A) = (B^^QHHn{A) is an algebra, as is the cohomology). In the case of 
cohomology, this is not too terribly surprising. Recall that we defined 

ffif(A)=Extl,i^„,(AA), 

which has a commutative algebra structure induced by the diagonal map A t-^ A^A. 
We can see in a more elementary way that HH ,{A) = Tor^"'^'™'^ (A, ^) has a 
commutative algebra structure by observing that the multiplication map A® A A 
is an algebra map if and only if A is commutative. In particular, we would not 
expect HH, {A) to be an algebra if A is not commutative. 



9.2. From Hochschild complex to Chevalley-Eilenberg complex. For any 

commutative algebra A and a left A-module M, viewed as a symmetric ^-bimodule, 
we are going to construct the following natural maps: 

C.{A,M) , ^ M®A A;iDer(^), (9.2.1) 

altf 

alt 

The proof involves Lie algebra homology, which we recall here. If g is a Lie algebra 
and M is a fl-module, then the Lie algebra homology ifp'®(g,M) is computed in 
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terms of the following complex: the p"^ term Cp"'(0, M) is given by M (g) A^g, and 
the differential d: C^'^Q^M) C^i\(,M) is given by 

p 

di,ie{m^{xi A • • • A Xp)) = "^{-lyxim {xi A ■ ■ ■ AXi A ■ ■ ■ A Xp) 

i=l 

+ l)^"'"^m (g) ([a;j,a;fc] A a;i A • • • A % A • • • A A • • • A a;p). 

i<fc 

Now suppose that A is an associative algebra and M is an A-bimodule. Consider 
A as a Lie algebra under the commutator bracket, and make M a Lie vl-module via 

the action (a, m) am, — m,a. Notice that if A is commutative and M is symmetric, 
then both the Lie algebra structure on A and the Lie A-module structure of M are 
trivial. 

Consider the following diagram 

where alt : A^A — > ^4^^* is the completely alternating map given by 
alt(ai A • • • A ap) = ^ {-ly^^'' a^^^^ • • • a^^py 

aeSp 

In the case that A is commutative and M symmetric, then the image of the alter- 
nating map on Cp^'^{A, M) is zero. In any case, it is tedious but easy to check that 
alt(Cj;'°(A,M)) C Zp{A.M). By passing to the quotient by Bp{A,M), we obtain 
a map alt : M (g A'^A HHp{A, M). 

We will now construct the inverse map and leave it to the reader to check 
the remainder of the proof. Choose any m (g (ai (g • • • (g Up) € Cp{A, M). Define 

tt: Cp{A, M)^M^A A^^^l.^iA) by 

7r(TO g) (ai g) • • • g) ttp)) = TO (g dai A ■ ■ ■ A dap. 
It is then easy to see that tt o alt is given by 

TO (ai A • • • A Op) 1-^ p\m (g {da\ A - ■■ A dap). 

We claim that in the case that M = A, where A is the coordinate ring of a smooth 

affine variety, tt is an isomorphism from HHp{A) to A^Cll^^^{A) as desired. For 
simplicity's sake, we will let ^I^q^{A) = A^j^rtl^^{A) . 

Indeed, we will show that tt is an isomorphism of ^-modules. It is clear that 
^com(^) is an A-module by its definition. Observe that for any associative algebra, 
HHp{M) has the structure of a ZA-module for all p (recall that Za is the center of 
A). Indeed, if 2; € Z^, the action is given by 

-2 • [to (g (ai (g • • • (g ttp)] = zm (g (oi (g • • • ig Op). 

It is easy to see that the 2;-action commutes with d since z commutes with all 

elements of A. Since A is commutative, Za = A, hence HHp{M) is an A- module. 
The proof that tt is an isomorphism then follows a standard argument. If tp: M 
N ]s & map of i?-modules for some commutative ring R, then <^ is an isomorphism 
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if and only if ipm '■ Mm — > Nm is an isomorphism for every maximal ideal m C i?, 
where Mm is M localized at m. 

9.3. Proof of Theorem 19.1.31 We will only prove the result for the homology, 
since the result for cohomology is analogous. 

Now, recall that HHp{A) = ToVp®^{A^ A). We now localize at some maximal 
ideal m G A. We then obtain the localized map 

Tor^«^(A^)m — (f^?o.„(^))„,. 

Ideally, we would hope that Tor^ "^^(A, A)m = Torp ™^^" {Am, Am). Indeed, this is 
the case. If M is any A-bimodulc, then Tor^®^(A, M) = A® a® A M. Then we see 
that 

Tor^®-^(A, A)m = {A ®A®A M)m = Am ®A^®A^ Mm = Tor^"®'^(A„, M^). 

Recall that localization is an exact functor. So, it commutes with derived functors, 
in particular, it commutes with the derived functors of (g), which are precisely the 
Tor-groups. So, we are reduced to the case of a map 

T0T^-'^^-{Am,Am) nPUAm/k) . 

So, it suffices to consider a local ring. 

Lemma 9.3.1. Let R be a commutative ^-algebra, J d R an ideal finitely generated 
by xi, . . . ,Xn ^ R, where xi, . . . ,Xn is a regular sequence (that is, Xi+i is not a zero 
divisor in R/{xi, . . . , Xi) for all i ). Then 

Torf (i?/J,i?/J) ~ J/j2. 

Indeed we have an isomorphism for all p, 

Tor^{R/J,R/J)^kl^j{J/J^). 

We will omit the proof of this lemma. With this result in hand, we set R = 
A® A, which we view as k[X x X], and we let J be the ideal of regular functions 
ox\ X y. X vanishing on the diagonal. If X is smooth, then J is indeed generated 
by elements forming a regular sequence. An application of the lemma finishes the 
proof. 

9.4. Digression: Applications to formality. In this section we are going to use 
the relation between Hochschild and Chevalley-Eilenberg complexes to obtain some 
(non-obvious) formality results in the algebraic geometry. 

We fix X , a smooth projective variety with the structure sheaf Ox- We write 
-^coh(^) bounded derived category of complexes of Ox-modules with co- 

herent cohomology sheaves, cf. e.g. [???]. 

Let I : X ^ X X X he the diagonal imbedding. Associated to this imbedding, 
one has a direct image functor : D'^^^{X) — > D'^^^{X x A), and an inverse image 
functor I* : D'^^^{X x X) — > D'^^^{X). We will be interested in the composite 
functor 

: DUiX) ^ DUiX X A) ^ DUiX). 
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It is known, for instance, that for any coherent sheaf ^ on X, the cohomology 
sheaves of the object 1*1*^ are given by 

The Proposition befow impHes that the object G ^tohi-^) actually quasi- 

isomorphic to a direct sum of its cohomology sheaves. 

Proposition 9.4.1. There is a qua^si- isomorphism 

Proof. Assume first that X = Spec^, is affine. We have A® A = k.[X x X]. The 
kernel / := Kcr(^ ® A ^ A) of the multiplication map may be identified with the 
defining ideal of the diagonal X d X x X . 

We know that the bar complex B>,A provides a resolution of the k[X x X]- 
module A = k[X x X\/I by free k[X x X]-modules. For each i = 0, 1, . . . , let BiA 
be the J-adic completion of B>iA. The standard homotopy on the bar complex, that 
shows that the complex B.A is acyclic, extends to the completions. Hence, the 
completed bar complex provides a resolution oi A^/I = h[X x X]/I of the form 

. . . ^ B.A ^ %^-lA ^ . . . ^ BiA %qA k[X x X]/I = k[X], 

where each term BiA is a flat k[X x X]-module. 

The resolution above globalizes naturally to an arbitrary, not necessarily affine, 
variety X. Specifically, let X be any smooth variety. For each i > 0, we let Bi{X) := 
Oxi+2 be the completion of the structure sheaf of the Cartesian power along 
the principal diagonal X ^ The projection pri^i+2 ■ X^^'^ — > X x X, on 

the first and last factors, makes a sheaf of Oxxx-modules. Thus, we have 

constructed a complex B,{X) such that, for each i > 0, we have 

• Bi{X) is a (not quasi- coherent) sheaf of flat Ojcxx-modules; 

• Bi{X) is sct-thcorctically supported on the diagonal Xa C X x X, so may be 

regarded as a sheaf on Xa ; 

• For any Zariski-open aSine subset U = Spec A C Xa, we have T{U, B.(X)) = 
B.A 

We deduce that the object i*it,Ox € D^^^{X) is represented by the following 
complex of Ox -modules 



B.{X)®o^^^Ox, 



Ox^ Ox^ -^Ox^^Q 



Now, the assignment sending, for each Zariski-open affine subset U C Xa, (Xq (S) 
a\® . . .® ai S r({/, Ojf i+i ) to ao A da\ A ... A dai yields a quasi-isomorphism of the 
above complex with j>Q [*] ■ ^ 

Remark 9.4.2 (Kapranov). Let X be a smooth algebraic variety. Consider the 
complex RHom (over X x X) from Oa to itself, where A is the diagonal. Its 

cohomology sheaves, i.e., the Ext's are just the exterior powers of ^x, the tangent 
bundle. One may ask if this complex is quasiisomorphic to the direct sum of its 
cohomology sheaves. 
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Further, given a coherent sheaf F on X, let Quoth{F), be the quot-scheme 
that parametrizes quotient sheaves of F with Hilbert polynomial h or, equivalently, 
subsheaves K in F with Hilbert polynomial hp — h. The tangent space to Quoth{F) 
at the point represented by a sheaf K is the space Homx{K, F/K). In |CK1| . the 
authors have constructed a derived quot-scheme, a smooth dg-manifold RQuot 
whose tangent dg-space (i.e. complex) at a point K as above is RHom{K, F/K). 

In the special case where h = 1 and F = Ox, we have Quoth = X, the 
quotient sheaves being skyscrapers at points of X. Yet, the corresponding derived 
quot-scheme is different, its tangent space at a; £ X is a complex concentrated 
in nonnegative degrees whose degree i > cohomology is equal to /\^~^^Ta:{X). 
According to ProDOsition l9.4.Tl this dg-manifold is split, i.e., is quasiisomorphic to 
X with the structure sheaf being the symmetric algebra of the graded algebra sheaf 
formed by the direct sum of in degree (— i + 1), i > 0. 

Remark 9.4.3. For any dg-manifold Y we have the scheme 7ro(5^), the spectrum 
of the 0th cohomology of Oy, and on tto{Y) we have the sheaf of LiCoo algebras 
obtained by restricting the tangent dg-bundle TV onto vro(F) in the sense of dg- 
schemes (note that tto{Y) is a dg-subscheme in Y). Denote this sheaf by ty (small t 
to avoid confusion) . This sheaf of Lieoo algebras defines Y up to quasiisomorphisms 
(duality between commutative and Lie algebras, sheafified along tto{Y)). To be 
more precise, it determined the formal completion of Y along 7ro(y) (which is all 
that is needed in practice). Taking Y = RQuot as before, we get tto{Y) = X and 
ty = the quotient of i?Hom(C'A, Oa) by the actual Hom in degree 0, then shifted 
by 1. 



10. NONCOMMUTATIVE DIFFERENTIAL FORMS 

10.1. For an associative commutative k-algebra A and a left A- module M, we may 
consider the space Der{A, M) of all derivations 9: A^ M . We have seen that the 
functor M i — > Der(A, M) is representable by the A-module r2com(^) of Kahler 
differentials. 

If A is an associative not necessarily commutative k-algebra, the space Der(A, M) 
is defined provided M is an A-bimodule. We are going to show that the functor 
M I — > Der(A, M), defined on the category of A-bimodules, is also representable. 

To this end, we let m : A® A ^ A denote the multiplication map viewed as a 
map of A-bimodules. The kernel of m is a sub-bimodule in A® A. 

Definition 10.1.1. We denote ^\c{A) := Ker[TO: A® A^ A], and caU it the A- 

bimodule of noncommutative 1-forms on A. Thus, one has the fundamental exact 
sequence of yl-bimodules 

— ^ nl^{A) A<g,A ""^ ^^0. 

Proposition 10.1.2. For every M G A-bimod, there is a canonical isomorphism 

Der(A,M) ~ Hom^.bi™d(Oi,(A), A/). 

Thus, the functor M i— > Der{A, AI) is representable by the A-bimodule ill^^{A). 
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Proof. Recall the bar resolution of A: 

B.A: ^Bi^-Bo^^^ -0, 

where = BjA = A ^ A'^^ (g) A, and the final map Bq = A (g) A ^ A is the 
multiplication map. Recall also that this complex is acyclic. Now let 5: A — > M 
be a derivation. We will define an A-bimodule map S : A®^ — > M. We set 

5{a' O a O a") = a'5{a}a". 

We claim that ^ is a derivation if and only if ^ is a Hochschild 2-cocycle. Indeed, 

(6^)(ao0ai (g) as 04) 

= S{aoai (g) a2 (g) as) - S{ao (g (0102) (g 03) + ^(oo (g) ai (g) (0203)) 

= aoai6{a2)a3 — aQS{aia2)a3 + ao6{ai)a2a3. 

Clearly, the latter expression vanishes for all ai, 02, 03 if and only (5 is a derivation. 

Since ^ is a 2-cocycle, it is zero on all 3-boundaries, that is, S\dB2 = 0. So, 
S descends to a well defined A-bimodule homomorphism S: Bi/dB2 — » M. Since 
the bar complex is exact, Bi/dB2 ~ dBi, and exactness again implies that dBi 
is precisely the set of all 2-cocycles, that is, dBi is the kernel of the differential 
Bo — > A, which is precisely the multiplication map. So, 

Bi/dB2 ~ dBi = Ker[Bo ^ A] = Ker[m: A(^A^A]= ni^{A). 

Hence 5 G HomA-bimod(^ic(^)' -^)- Clearly we can reverse this argument and pro- 
duce from every A-bimodule map fll^^{A) — > M a derivation A — > M in an analogous 
manner. □ 

Here is another picture of the 1-forms on A. Set / = Kcr[m: A $$ A ^ A]. Let 
A denote the (vector space) quotient A/k. = A/k ■ 1a, and write x 1-^ x for the 
projection A ^ A = A/k.. 

Proposition 10.1.3. (!) The map d: A ^ I, x 1 — > rf?/ = y (g 1^ — 1^ y «s a 

derivation. 

(ii) The map A(Si A ^ I, x®y 1 — > x ® y — xy ® 1a = x dy is well-defined, and 
it is an isomorphisms of left A-bimodules. 

Proof. Endow A(g A with an A-bimodule structure by equipping it with the obvious 
left action and by setting 

{x (g y)z = X ^ yz — xy ^ z. 

We let ip : X y 1 — > x^y — xy®lA denote the map considered in the Proposition. 
Observe that V is well-defined. Indeed, if y and y + XI a are two representatives of 
y G A, then 

a; (g (y -I- Ma) - x{\1a -|-j/)(gl = a;(gy-|-a;(g Al^ - XIax 1a - a;?/ (g 1a 

= x^y — xy^lA + x^ XIa — a; AIa 
= a; y - a;y 1a. 

To show that "0 is surjective, observe that / is generated by terms of the form 
a;0y — xy0 Ia- Indeed, this follows since / = dBi (where again Bi = A^'^ from the 
bar complex). But then tp{x ^y) is nothing more than —d{x y 1a)- Since d is 
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an A-bimodulc map, d{x (g) y z) — d{x (g) y (g) Ia)z = —'ip{x(^y)z, so I is generated 
by the image of ip as an A-bimodulc. 

To see that ip is an injection, consider the multiphcation map m: AiSi A A. 
Since Iimjj <Z I = Kerm, we can descend to an A-bimodule map fh: A® A/lrcnl) — s- 
A. Define Lp: A ^ A® A/Ito^i by 1^9(0) = a ® 1a + Ivaijj. Then 

fri{ip{a)) = rh{a ® 1a + limp) — m{a ® 1a) = a 

ip{m(x (g) y + limp)) — ^p{xy) — xy 1® 1a + Im^. 

Since x (® y — xy 1® 1a G Irmp, we see that xy 1® 1a + icmp — x ® y + limp. So, ip 
is an inverse to rh, hence m is an isomorphism. But then limjj = Kcrm = /, as 
claimed. □ 

Further, combining Propositions 110. Ol and HO. 1.31 we obtain the following re- 
sult, which is completely analogous to a similar result for Kahler differentials proved 
in iJHl 

Corollary 10.1.4. Let A he an associative not necessarily commutative algebra 
with unit and M an A-bimodule. For any derivation : A ^ M , the assignment 
xdy I — > x-d{y) gives a well-defined A-bimodule map fll^^{0) that makes the following 
diagram commute 




Next we observe that 

Ho{A, A°) = Ay[A, A""] = A" (E)ao A ^ A, (10.1.5) 

where the isomorphism A'^ /[A, A is induced, explicitly, by the assignment 

A'^ 3 u ® V i-^ vu. One verifies unrevelling the definitions, that the canonical map 
Hq{A, A°) — > Hq{A, A) induced by the multiplication morphism A° ^ Ais nothing 
but the natural projection A -» A/[A,A]. 

We have the following maps 

A® A P'-°P-5^. nUA) = /C A<= Ay [A, A-] - A. (10.1.6) 

One verifies that the composite map is given by the formula x ® y 1 — > yx — xy. 

10.2. The differential envelope. Our goal is to construct an analogue of de 
Rham differential on noncommutative differential forms. To this end, we recall 

Definition 10.2.1. A differential graded algebra (DGA) is a graded algebra D — 
0„ £>" equipped with a super-derivation d: £*" 13"+^ such that d^ = 0. 

Given an associative algebra A, its differential envelope D(A) is the solution 
to the following lifting problem. Consider the category whose objects consist of all 
algebra maps from A into the zeroth degree of some DGA D^. 11 cp: A and 
ip: A are two such objects, a morphism from ip to ip \s a. map 9: D ^ E 

such that 6{D") C E" and ds ° d = do- The differential envelope D{A) is then 
defined to be the initial object in this category, that is, there is a map of algebras 
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i: A ^ D{A)'^ such that for any algebra map (p: A ^ {D a DGA), there is a 
unique map of DGA's ip : D{A) — > D such that ip o i — (p. 

ExpHcitly, D{A) is generated by the algebra A and all symbols of the form 
a = da, where a ^ A and d{ab) = (da) b + a (db). 

Remark 10.2.2. It is clear that if A is generated, as an algebra, by oi, . . . , a„, then 
the elements ai, . . . , a„, rfoi, . . . , c?a„, generate D(A) as an algebra. Thus, if A is a 
finitely generated algebra then so is the algebra D{A) = S)i>o D'^{A). Moreover, one 
verifies similarly that in that case each homogeneous component D''{A) is finitely 
generated as an A-bimodule. 

Definition 10.2.3. Define the algebra fl'^^(A) of noncommutative differential forms 
on A to be the tensor algebra (over A) of the A-bimodule Vt^^{A), that is 

It turns out that there is a canonical graded algebra isomorphism 

KM) - D{A). (10.2.4) 

To construct this isomorphism, we first consider the canonical algebra map 
i: A D{A) (this turns out to be an injection). We also have a derivation d: A ^ 
D{A) given by a i-^ da — d. By our definition of U}^^{A), there is then a unique 
v4-bimodule map nl^^{A) — > D{A). This A-bimodule morphism extends canonically 
to an algebra map (|10.2.4|) . 

Proposition 10.2.5. With the notation as above, the map il'^^{A) — > D{A) in 
(|10.2.4|) is a graded algebra isomorphism. 

Thus, using the isomorphism of the Proposition, we transport the differential 
on D{A) to obtain a degree one super-differential d: n^^^{A) — > riJJ+^(A) making 
n'^M) a DGA. 

Corollary 10.2.6. The graded algebra fl'^^{A) can be given the structure of DGA 
with differential transported from the one on D{A). 

Proposition llO . 2 .SI will be proved later as a special case of Theorem llU.T.ll below. 
One also has the following important result proved in |CQ1| . 

Theorem 10.2.7. There is a canonical isomorphism of left A-modules 

oo 

i7;,(A)-0A®A«" 

With this isomorphism, the differential d: ^1"^{A) 17"^^^ (A) is given by the for- 
mula 

d{ao (8) (fi (g) • • • (8) On) = 1 (g) ab (8) oi (g) • • • (g) a"„. 

We denote the sumniand A (g A**" by ilj^'^ (A) . We denote the element oq (g oi (g) 
• • • g) a~„ € ri"(,(v4) by oq dai ■ ■ ■ (ia„. so that the differential reads 

d{ao dai ■ ■ ■ don) — doQ dai ■ ■ ■ don- 
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10.3. The universal square-zero extension. The algebra imbedding A ^ 
ri^(.(yl) makes, for each k, the graded component n^^{A) an A-bimodule. We 
define an algebra structure on the vector space A © ft^^ (A) by the formula 

{a,Lu){a' ,Lu') = (aa' jQUj' + Lua' + c{a,a')), where c{a, a') — da da' . 

It is straightforward to check that this way we get an associative algebra, to be 
denoted yljjci^^c(^)- Clearly, ^l^i^) is a two-sided ideal in A'ic^l^{A). Moreover, 
the natural imbedding i : uj t—^ (0, w), and the projection (a, m) i— s- a, give rise to a 
square-zero extension 



o^nliA) Ai^nliA) 



A^O. 



(10.3.1) 



Lemma 10.3.2. The square-zero extension H10.3.1|l is universal, i.e., for any 
square-zero extension I ^ A ^ A, there exists a unique A-bimodule map Lp 
making the following diagram commute 







A' 



•0 



id 



A- 



A- 



Proof. Choose a k-linear splitting c : A ^ A, and note that, for any ai,a2 G A, 
we have c(ai) • 0(02) ~ c{a\a2) € Define the map 

if>: A® y4®^ — > /, a®aY®a2 1 — > a ■ [c(ai) • 0(02) — c{aia2)]. 

We use the isomorphism : fi^j^ (A) = A (g) yl®^ to view the map above as a map 
ip: : fl'^^{A) — > /, adai da2 (p{adai da2). We leave to the reader to verify that 
this is an A-bimodule map. 

Further, write A = A / for the vector space decomposition corresponding to 
the splitting c. One shows that the following assignment 

Attcri^c(^) — * A®I = A, a' ®adai da2 ' — > a' © lp{a dai ^02) 
gives a map with all the required properties. □ 



10.4. Hochschild differential on non-commutative forms. Computing Hochschild 
homology of the A-bimodule M = A using the bar resolution, we get C. {A, A) = 
B. (A) (g)yio A, where B. (A) is the reduced bar complex and A" = Aig) A°p. Thus 

CJA,A) = n'^^iA) <g>A<g>A^A^ nii^{A). 

The Hochschild differential Cn+i{A, A) Cn{A, A) is then given by the differential 
b: n^+^{A) n-^^iA) mentioned before. So, HH.{A) = H.{n'^^{A),b). 

Proposition 10.4.1. The Hochschild differential b : C„+i(A, A) — > Cn{A,A), 
viewed as a map : n^^^{A) — > rt"^{A), is given by the following explicit formula 

6{ao dai ■ ■ ■ da„ (g) a') ~ 5{adan ® a') ~ (— l)'^°^"(Q;a„ (g) a' — a (g Ona'). 



Proof. Direct calculation, see |CQ1| . 



□ 
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As an application, we are going to construct the following exact sequence 

HHM) nUA)/[AMAA)] [A, A] 0. (10.4.2) 
where the map b is given by the assignment 

b : nl{A)/[A,nliA)] ~^A, udv^ [u,v] (10.4.3) 

We first verify that the map b in (|10.4.3|l is well-defined, i.e., we have b{[x dy, a]) ~ 
for any [xdy,a] £ [rij|j.(yl), A]. Indeed, we compute 

b{[xdy,a]) = b{xdya) — b{axdy) 

— b(xd(ya)) — b(xyda) — [aa;,y] 

= ya] - Vv^ a] - [aa;, y\ = -([ya, a;] + \xy, a] + \ax, y\) 
= x{ya) — {ya)x — {xy)a + a{xy) — {ax)y + y{ax) = 0. 

Now, to construct (|10.4.2|l is to use a long exact sequence for Hochschild homol- 
ogy arising from the fundamental short exact sequence — + Vt^^{A) — > A'' A — > 0: 

...^HM, ^ HM, A) ^ H^{A, nlM)) ~- Ho{A, A^) ^ Ho{A, A) ^ 0. 

We have Ho{A, A) = A/[A,A], and HoiA, Qi^iA)) = ni^{A)/[A,ni^{A)]. Observe 
further that Hi {A, A^) = 0, since A'^ is a free A-bimodule. Thus, since Ho{A, A") — 
A by (|10.1.5|l . the long exact sequence above reduces to a short exact sequence as 

in (irnxa . 

10.5. Relative differential forms. Let A be an associative algebra, B C A a 
subalgebra, and M an A-bimodule. 

Definition 10.5.1. A derivation f : A M such that f{b) = for all & G i? is said 
to be a derivation from A to M relative to B. We write DerB(A, M) C Der(A, M) 
for the subspace of all such derivations, which form a Lie subalgebra. 

Notice that a derivation is a relative one, namely it is relative to the subalgebra 
klyi C A. For ease of notation, we will denote this subalgebra simply by k. 

10.6. The Commutative Case. Let A be a commutative algebra, and led let 
M be a left A-module. We make M into an A-bimodule by equipping it with 
the symmetric bimodule structure. Then M ^ DerB(A, M) defines a functor 
DerB(A, — ): A-mod — > Vect, where Vect denotes the category of k-vector spaces. 
As in the case where i? = k, DerB(A, — ) can be represented by an ^-module 
^mm{A/ B), which we call the relative Kdhler differentials. 

If we regard A and B as the coordinate rings of affine varieties and set X = 
Spec A and Y = Spec B, then the embedding B ^ A induces a surjection tt: X ^ 
Y. Recall that we view Der(^) as the global sections of ,3^x, the tangent bundle 
of X, that is, as the space T{X, S/'x) of algebraic vector fields on X. In this 
geometric picture, DerB(A) = DerB(A, A) corresponds to the subspace in V{X, S^x) 
formed by the vector fields on X which are parallel to fibers of the projection 
-K : X ^ Y . More precisely, the differential of the map tt may be viewed as a 
sheaf map tt* : S^x 7r*5^. Let S^xjY '■= Ker[,;^ tt*^], be the sheaf whose 
sections are the vector fields tangent to the fibers. If tt has surjective differential, 
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then TT* is a surjective map of locaUy free sheaves, hence, its kernel is again locally 
free, and we have a short exact sequence 

-^X/Y -^x ^ ^*-!^Y 0. 

Similarly, we view {l\^^^^{A/B) as the space of differential 1-forms along the 
fibers, that is of sections of the relative cotangent bundle ^x/y- Explicitly, dualizing 
the short exact sequence above, one gets the dual exact sequence 

— > ■K*.'Jy — > .'Jx — ^ ^xjY — ' 0. (10.6.1) 

This presents the space ?l\^^{AIB) = Y{X, ■'^x/y) ^ ^ quotient of VlI^^^{A). 

We can also realize ^].^^^-^{A / B) by relative Hochschild homology. In particular, 
it is easy to see (by the same arguments for absolute differential forms) that we can 
write 

nl^,{A/B)^Tovi^-^{A,A). 

This can be expressed in terms of the kernel /of the multiplication map A®bA A. 
Indeed, we find that il.l^^{A/B) ~ ///^, as before. This is defined to be the first 
relative Hochschild group, HHi{A; B). It is also easy to see (as in the absolute 
case) that nl^^{A/B) = HHi{A; B) ~ A(g) A, where now A = A/B. 

As in the absolute case, we define ni^^-^{A/B) = Ts^lorai^l B)- We then 
obtain the following result, analogous to the absolute case. 

Theorem 10.6.2. ^l'^^^^-^{A/ B) is a graded commutative differential envelope of A, 
specifically, it is the universal object in the category whose objects are algebra maps 
f: A ^ D'^ C D such that do ° fls = 0, where D is a graded commutative DGA. 

10.7. The Noncommutative Case. We now assume only that A is associative. 
Consider the functor 

BeTsiA, -) : A-bimod Vect. 

Again, this functor is representable, and we call its representing object ^ll^^{A/ B). 
Once again, fll^^{A/ B) is the kernel of the multiplication map, but this time viewed 
as a map A^bA — > A. That is, fll^^{A/B) fits in the exact sequence of A-bimodules: 

^ ^IM/B) ^ A(SbA ^ A ^ . 

It is easy to see that il}^^{A/B) ~ A A/B as a i3-bimodule. Indeed, the 
isomorphism is given by sending an element x i^y of A A/B to x y — xySi 
(of course, one needs to check that this is even well-defined). 

Recall that in the commutative case, we thought of ill^^{A/B) as a relative 
cotangent bundle T{X,T*^^y)i where X = Spec A and Y — SpecB, and tt: X — > y 
is the surjection induced by the inclusion B A. Similarly to the exact sequence 
1)10. 6. l|l . we have the following exact sequence in the noncommutative case 

^ Torf (A, A)^A®B ^1,{B) ®bA^ ill^{A) ^ ^iM/B) ^ 

There is a connection between Vl\^{A/B) and differential envelopes of A. In- 
deed, we have the important following result. 
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Theorem 10.7.1. Let D' {A/ B) denote the relative differential envelope of A. That 
is, D'{A/B) is universal in the category whose objects are algebra maps f: A ^ 
D° C D where /|b = and D is a DGA. Then 

D-{A/B)c,TXnl(A/B)^A^BT;,{A/B). 

As usual, we set Ql,^{A/B) = TAni^iA/B). 

Proof. We will prove that D'{A/B) ~ Q,[^^{A/B). Of course, this proof will also 
be valid in the case B = k. We will complete the proof in two steps. First, we 
will observe that D^{A/ B) and Vl^^{A/ B) are isomorphic. We will then show that 
D'{A/B) ~ TaD^. 

For the first step, notice that is an A-bimodulc, since we have a map i: A ^ 
D^. If we compose i with the differential d on D (and denote this map by d), we 
obtain an A-bimodule derivation d: A^ D^. Since i vanishes on B, so does d. We 
wish to show that d: A represents DerB(A, — ), which will show that and 

^1^^{A/B) are isomorphic by the latter's universal property. Let 6 G DeTB{A,M), 
where M is any A-bimodule. We wish to complete the following diagram 

A^^M. 

We shall perform this by using the square zero construction. Recall that we set 

A^M to be, as a k-vector space, the direct sum A ® M. The product on A%M is 
defined in such a way as to make A a subalgebra and = 0. We make A^M into 
a DGA by declaring that deg^ = 0, degM = 1, and by setting rf(o, m) = (0,(5m). 
Define f: A-* A%M by /(a) = (a,0). Observe that do f{b) = for all b e B, 
hence we obtain a DGA map /': D{A/B) A'^M from the universal property of 
D{A/B). Consider the restriction of /' to D^{A/B). This must map D^{A/B) into 
M ~ {OjttM, since only M has degree one. Then using the fact that /' is a DGA 
map, we find for all o G A, f'(d{a)) = 5(a). So, D^[A/B) satisfies the universal 
property for Q^^{A/B), hence these two ^-bimodules are isomorphic. 

Now we wish to show that D is generated as the free algebra over . The 
inclusion oiD^ ^ D as the degree one elements induces an algebra map (p : TaD^ 
D. We need only check that y is an isomorphism. Here are two proofs of this fact. 
First, we adopt the notation 

Then 

T2D^ = T2-^D^ (g,A ~ T^-^D' [A ®b A/B), 
since we know that ~ i}^^{A/B). But then 

T^-i£)i {A Ob A/B) = T^'^D^ Ob A/B ~ D". 

The second proof is in some way more elementary, as we simply construct an 

inverse iJj: D —> TaD^ to ip. We recall that D contains A (since D comes with an 
embedding A D^), and D also contains A = dA = A/B. So, we consider the 
algebra 

D' = Tk{A + A)/{{a igia' - aa' O 1a, aa' = a O a' + a O a'}). 
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So D' is simply the free algebra over A and A, modulo the relations which give 
the desired product (as in Vl]^^{A/B)) and make a & derivation. Clearly, D' is 
precisely D. It is also easy to see that there is a map D' — > TaD^, and all relations 
are mapped to zero. So, D and TaD^ are isomorphic. □ 

11. NONCOMMUTATIVE CALCULUS 

11.1. Let A be an associative unital k- algebra, thought of as the coordinate ring 
of a 'noncommutative space'. Then, any automorphism F : A ^ A may be thought 
of as an automorphism of that 'noncommutative space'. Similarly, a derivation 
9: A ^ A may be viewed as an 'infinitesimal automorphism' of A, in the sense that 
if the linear map 9: A ^ A could have been exponentiated, i.e., if the infinite series 
exp(6') = idA + 9 + ^9° 9 + ^9o 9o9 + . . . made sense as a map A ^ A, then a formal 
computation shows that the map exp{9) would have been an automorphism of A. 
Geometrically, one thinks of as a 'vector field' on a noncommutative space; then 
1 1 — > exp(t-0) is the one-parameter flow of automorphisms of that noncommutative 
space generated by our vector field. 

Accordingly, an algebra automorphism F : A ^ A, resp., a derivation 9: A ^ 
A, induces an automorphism, resp., a Lie derivative endomorphism of any of 
the objects Der(A), Onc(^) and 

We provide more details. Fix a derivation 9: A A. Since the functor 
Der(A, — ) is represented by the bimodule fll^^{A), we deduce that there is a unique 
A-bimodule homomorphism ig: fll^^{A) —> A corresponding to 9. Observe further 
that since il'^^{A) — TA^nci^)^ a, free algebra of the bimodule ill^^{A), there is a 
unique way to extend the map ig: nl^^{A) ^ yl to a degree (—1) super- derivation 
ig: n'^^{A) V,'~^{A) of the algebra n'^^{A). Explicitly, we have 

n 

ig(ao dai ■ ■ ■ dan) — ^^(^l)"'^^ao dai ■ ■ ■ 9{aj) ■ ■ ■ dan- 

Recall next that, for any two super- derivations di, 82 of odd degree, their super- 
commutator [81,82] :— 81082 + 82° 81 is an even degree derivation. In particular, 
for di — d and 82 — ig, we obtain a degree zero derivation doig -\- igod. Similarly, 
for 81 ^ 82 ~ d, resp., for 81 —82 — ig, we obtain a degree (-f 2)-derivation d^, 
resp., a degree (— 2)-derivation {igY . 

Next we apply Lemnia r3.3.2l to S — Vl\^{A) C Vi'^^{A) — R. It is straightforward 
to get from definitions that, for any s £ il}^^{A) one has d'^{s) — = {ie)'^{s). It 
follows that d^ — and (ig)'^ = identically on ill^^{A). 

Similarly, we define the Lie derivative with respect to 9 € Der(A) as a map 
Ji'g : V,'^^{A) V,'^^{A) given by the formula 

n 

^eiaQ dai • • • dun) — 6'(ao) dai • • • dan + dai • • • d9{aj) ■ ■ ■ dan- 

A direct calculation shows that for any s G ill^^{A) one has ^g{s) = [d,ig]{s)- It 
follows by Lemma [3.3. 21 that the following Cartan formula holds on il.'^^{A) 



^g = d o ig + ig o d- 
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Similarly, one verifies the following identities 

[^g,^^]=^^Bnh [^e,i^]^Henh «e = 0. (11.1.1) 

To prove these identities, observe that in each case, the identity in question is 
obvious on the elements of rL^^{A). Hence, using the same argument as above, we 
deduce that it holds on the whole of VQ^{A). 

11.2. Operations on Hochschild complexes. Let C.{A,A), Ck{A,A) = A'^^ , 
be the Hochschild chain complex for A. For any Hochschild p-cochain c e C'''{A, A) 
and k> p, define a contraction operator ic : Ck{A, A) — > Ck~p{A, A) by the formula 

ic ■■ ao ® . . . (8) Ofc I — > c(ai, . . . ,ap) ■ a^+i (g) . . . ® a^. 

Now suppose we have a derivation S : A —i- A. Then we can extend (5 to a 
derivation on each B„ in the bar complex, namely 

n 

6{ai (g) • • • a„) — ^ ai (g) • • • (g) S{a-j) ® ■ ■ ■ an- 

Then 5: HomA-bimod(^®", ^) HomA-bimod(^®", It is not hard to see that 5 
commutes with the bar differential, hence it induces a derivation on the Hochschild 
cohomology of A. 

We can generalize the above to all p > 1, and define the Lie derivative with 
respect to a cochain c G Cp{A,A) as an operator '■ Ck{A,A) Ck-p+i{A, A) 
by the formula 

^c - ao (g) . . . (g) au I — > ^(-l)(P"^^^*+^)ao g) . . . (g) a^ (g) c{a^+l, . . . , a,+p) g) . . . (g 

1=0 

k 

+ ^ (-l)'''(-'+^)c(aj+i, . . . , ao, . . .) g) ap+j-k g) . . . g) flj. 

i—k—p 

Remark 11.2.1. For the 2-cochain m ; a,6 i— > a ■ b, given by the product in the 
algebra A, the operator is nothing but the Hochschild differential on C.{A,A). 



Recall the canonical noncommutative Gerstenhaber algebra structure on the 
Hochschild cochain complex C'{A,A). Recall further that to any (not necessarily 
commutative) Gerstenhaber algebra G' one can associate another Gerstenhaber 
algebra G^, called the e- construction. We apply the e-construction to the Gersten- 
haber algebra C {A, A). 

We have the following noncommutative analogue of Proposition 16.4.31 

Theorem 11.2.2. For any 6, c G C^(A, A), the following formulas 

(6 + ec) -£ a := (— l)'^°s'' . ij^a, and {b + ec, a}^ :— + e ■ icOi 

make C. (A,^)^ a Gerstenhaber module over C' {A, A)^. 
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11.3. The functor of 'functions'. Let A be a not necessarily commutative asso- 
ciative algebra thought of as the coordinate ring of a 'noncommutative scheme'. We 
would like to introduce a vector space R{A) playing the role of 'the space of regular 
functions' on that scheme. Of course, if A = k[X] is the coordinate ring of an 
ordinary commutative scheme X , then regular functions on X are by definition the 
elements of A. So, one might guess that, in the noncommutative case, the equality 
R{A) = A still holds. This cannot be quite right, however. Indeed, one expects the 
space R{A) to be a Morita invariant of A since only Morita invariant notions are 
'geometrically meaningful'. Thus, starting from an ordinary commutative scheme 
X, for any n — 1, 2, ... , we may form the algebra A — Mat„k (g) k[X], which is 
Morita equivalent to k[X]. Thus, we would like our definition of the space R{A) be 
such that the following holds 

R(Mat„k ® k[X]) = R(k[X]) = k[X]. 

By Morita invariance of Hochschild homology, see Proposition 15. 2.11 this require- 
ment is satisfied if we introduce the following 

Definition 11.3.1. We define the space of functions associated to an associative 
algebra A to be the vector space 

R{A) ■.= A/[A,A]. 

11.4. Karoubi-de Rham complex. We are going to show that for any associative 
algebra A with unit, the complex {Ql^^{A), d) of noncommutative differential forms 
has trivial cohomology: 

H^{nUA),d) = \l 'I'^l (11.4.1) 
10 if I > 0. 

To see this, recall the isomorphism n^^{A) = A(E) a'^''' , where A = A/k. The 
differential d corresponds to the natural projection 

A(g)A^A(g)A^ki»A c A(g) A . 

The kernel of the latter projection clearly equals k (g) A^^, which is exactly the 
image of the differential d : A (g) ]4®''~^ ^ k (g A^^ . This proves H11.4.1(l . 

Therefore, the differential d on il'^^{A) does not give rise interesting cohomology 
theory. Things become better with the following definition. 

Definition 11.4.2. The noncommutative de Rham complex of A is a graded vector 
space defined by 

DR-(A) R{nUA)) = nUA)/[nUA),^'ncm 

where [— , — ] denotes the super-commutator. 

The differential d : n'^^{A) J7*+^(A) descends to a well-defined differential 
d : DK' (A) DR'^^(A), making the de Rham complex a differential graded 
k-vector space. 

For example, DR°(A) = since only the degree zero terms of fl'^^{A) 

contribute. Similarly, we have 

DR\A) = nl{A)/[A,nl{A)] = HHo{A, nl{A)). (11.4.3) 
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Hence, from ()10.4.2(l . we obtain a canonical short exact sequence 

— >HHi{A) — >DR\A) [A, A] — >Q. (11.4.4) 

For fc > 1, the relation between de Rham complex and Hochschild homology is 
more complicated. 

One can check that the operations d, .^fg, and ie on noncommutative differential 
forms all descend to the de Rham complex. 

Let A be a smooth associative and commutative algebra. Then, by Hochschild- 
Kostant-Rosenberg theorem we have a vector space (but not necessarily algebra) 
isomorphism ill^^-^{A) = HH,{A). Obviously, the Hochschild differential is not 
the de Rham differential, since the de Rham differential increases degree while 
the Hochschild homology differential decreases degree. Indeed, there is another 
differential (the Connes differential) which yields the de Rham differential (and 
cyclic homology). 

Suppose now that i? C A is a subalgebra. The relative de Rham complex of A 

is 

DR(A/i?) = R{^i:JA/B)) = nlM/B)/[KM/B)MA/B)l 
where now [— , — ] is the graded commutator. 

Strictly speaking, to be consistent with this notation, one has to write DR(A/k) 
rather than DR(A) in the 'absolute' case. 

The de Rham complex is Morita invariant in the following sense. 

Proposition 11.4.5. Let A he an associative algebra. Then for any ri G N, there 
is a canonical isomorphism 

DR(Mat„A/Mat„k) ~ DR(A). 

Proof. Let A and B be arbitrary associative algebras. Then it is clear that there 
is a canonical isomorphism ^'^^{^{B ® A)/{\® B)) ~ i? ® n'^^{A). Also, it is clear 
that MatnA ~ Mat„k (g) A. So, we find that 

fJ'jc(Mat„A/Mat„k) ~ Mat„k » fJ'j^(A) ~ Mat„(rj^^(A)). 

But our comments regarding R(Mat„k) show that 

R(Mat„(r!;,(A))) ^ R{n:,iA)) = DR{A). 

Thus, R(rj;^(Mat„A/Mat„k)) = DR(A), and we are done. □ 

Remark 11.4.6. One can see by looking through the proof above that the map 
DR(A) — > DR(Mat„A/Mat„k) that yields the isomorphism of the Proposition 

is induced by the algebra imbedding A ^ Mat„A, a i — > ( ^ ) . The in- 

\U In-l/ 

verse isomorphism DR(Mat„A/Mat„k) — ^ DR(y4.) is induced by the 'trace-map' 
sending x = \\xij\\ G Mat„A to Tr(a;) — xu. 

Next, let A ~ ®i>o be a graded k-algebra. Write Gm for the multiplicative 
group, viewed as an algebraic group over k. 

Giving a Z-grading on an associative k-algebra A is the same thing as giving an 
algebraic Gm-action on A by algebra automorphisms. Specifically, given a grading 
A — 0jgz Ai one defines a Gm-action by the formula Gm x Ai 3 t,a i-^ t^ ■ a, 
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for any i ^ TL. Conversely, it is easy to see that any Gm-action on A by algebra 
automorphisms arises in this way from a certain Z-grading on A. 

Assume now that A — ®j>o is graded by nonnegative integers. Geometri- 
cally, this means that the corresponding Gm-action is a 'contraction' of A to the 
subalgebra ^o- 

The result below says that de Rham cohomology is 'invariant under contrac- 
tion'. 

Theorem 11.4.7 (Poincare lemma). For a graded algebra A — ®j>o Ai, the al- 
gebra imbedding Aq ^ A induces isomorphisms 

H^iDRiAo)) ^ H^{r>R{A)), Vj > 0. 

Proof. The assignment Ai 3 a i-a, z = 0, 1, . . . , gives a derivation of A, called the 
Euler derivation. This derivation may be thought of as an infinitesimal generator 
of the Gm-action on A corresponding to the grading. 

Associated with the Euler derivation, one has .Sfeu, the Lie derivative with 
respect to eu, acting on DR(j4). The action of .Sfeu on DR(yl) is diagonalizable 
with nonnegative integral eigenvalues, and we write DR(A) = 0„j>o DR(A)(m) 
for the corresponding eigenspace direct sum decomposition. It is clear that we have 
DR(A)(0) = DR(Ao)- 

The de Rham differential d commutes with , hence preserves the direct sum 
decomposition above. Further, the homotopy formula = rfo ie^] + ieu ° d, shows 
that Zeu is a chain homotopy between the map .ifgu and the zero map. Hence, 
the complex (DR(y4)(r7i), d) is acyclic for all m except m = 0. This proves the 
Theorem. □ 

11.5. The Quillen sequence. Recall that DR^(A) = ^^^{A) /[nl^{A), A], see 
(|11.4.3() . and define a map h: T)'R}{A) ^ A hy b: x dy ^ [xtU]. We have shown 
that this map is well-defined, see l|10.4.3(l . 

It is easy to check that bod= dob = 0. Thus d and b yield a 2-periodic complex 

^^^DRi(A)— ^A^^DRi(^) (11.5.1) 

This complex gives an approximation to the cyclic homology of the algebra A, see 




Put DR {A) = AI{[A, A] +k), let pr : A — > A/[A, A] ~ DR {A) be the natural 
projection. 

Consider the following sequence of maps, called the Quillen sequence: 
DR°(A) DRi(A) A DR°(A) , (11.5.2) 

where the maps d and b have been introduced above. Since bo d = and the image 
of b is contained in [A, it is clear that the composite of any two consequtive 
maps in the sequence is equal to zero, i.e., the sequence is a complex. 

Consider the case A ~ T{V*), where is a finite-dimensional k- vector space. 

Lemma 11.5.3. If A = T{y*), then Quillen's complex ()11.5.2|l is an exact se- 
quence. 
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Proof. We already know that, for A = T{V*), the de Rham complex DR'(A) is 
acyclic in positive degrees, and DR"(A) = k. It follows that the map Dr''(j4) 
DR^(A) in (|11.5.2II is injective. Further, we have Im(6) = [A, A], hence the complex 
is exact at A and at DR°(A). Thus, it remains only to check that the complex is 
exact at DR^(A). 

To this end, it suffices to show that the class 

[DR°(A)] - [DR\A)] + [A\- [m\A)] 

vanishes in the Grothendieck group of graded spaces. The two terms of [DR {A)] 
cancel to leave 

-[DR\A)] + [A\. 

But T)R\A) ~ a (g) V* = T{V*) (g) V*, while A ~ T{V*) (E)V*,as well. Hence, the 
remaining two terms cancel as well and the sequence is exact. □ 

Let Xi and be dual bases in V and V* . 
Proposition 11.5.4. Let A = T{V*). 

(i) For any f G DK'^{A), one has the identity X]r=i 

(ii) The space of closed forms in DR^^^^g^ C DR^(A) is canonically isomorphic 
to [A, A] . 

Proof. The proof uses the Quillen sequence, 

^ DR°(A) ^ DR1(A) -> \A,A] -> 0, 

which is exact for A = T{V*). We also have the following sequence, which is exact 
by the Poincare lemma, 

DR°(A) ^ DR\A) ^ DRL.ed(^) 0. 
Combining these two exact sequences, we have 

^ DR°(A) ^ DRi (A) ^ [A, A] ^ . 



Of, 



0, in [A, A]. 



•DR (A) 



DRi(A) ^DR2 



But then we can use standard diagram chase arguments to construct a map [A, A] 



DR''(^), and this must be an isomorphism 
observe that 

df 



This shows claim (2). As for (1), 



hd{f) - 0. 



□ 
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11.6. The Karoubi Operator. Define the Karoubi operator k : fl'^^{A) n'^^{A) 

by 

K{ada) = {-lf''^"da- a, and K{a) = a if a = a e nl^{A) ^ A. 
The Karoubi operator provides the following the relation between b and d: 

dh + bd = id — k. 

If we compare this to differential geometry and think of 6 as d* , the adjoint of the de 
Rham differential with respect to a euclidean structure on the space of differential 
forms, then k is playing the role of the Laplace operator. 

Prom a different viewpoint, observe that there is an obvious n + 1-cycle action 
on the bar complex, namely given by the obvious cyclic action on . Since 

the reduced bar complex is A^A^"' ~ fl^dA), there is no clear (n+l)-cycle action, 
and the operation k "approximates" an n-cycle action. 

Proposition 11.6.1. (i) k^+M = d. 

(ii) k" = id + bK"d. 

(iii) = l-db. 

Proof, (i) This is trivial. To prove (ii) we calculate 
K;"(aorfai . . . rfa„) = {dai . . . dan)ao 

= aodai . . . da„ + [dai . . . dan , oo] 
= aodai . . . dan + (— l)"6(dai . . . dandao) 
= (id + bK^'d) {aodai . . . dOn)- 
(iii) Multiply (ii) on the right by k, and observe that k commutes with b and d. 

= k + b^-dn = K + bn'^+^d 
= K + bd by (1) 
= K + {id- K- db) = id- db. □ 

Proposition 11.6.2. On KM), we have (k" - 1)(k"+i - 1) = 0. 

Proof. First, we have that — 1 = bK^d by (ii). By (iii), — 1 = —db. So, 

(k" - 1)(k"+i - 1) = -bn'^dH = 0, 
since = 0. □ 

11.7. Harmonic decomposition. Notice that (n, n + 1) = 1. So, the polynomial 
(t" — !)• (f""*"^ — 1) has only simple roots except for a double root at one. The 

identity (k" — 1)(«;""''^ — 1) = implies that the action of n is locally-finite, and 
all of its eigenvalues have multiplicity one except for the eigenvalue 1, which has 
multiplicity 2. So, 

nUA) = [Ker(«- 1)2] [®,eSpccW-{i} Ker(« - A)] . 

The space Ker(K — 1)^ is called the space of harmonic forms, denoted by Harm. 
The remaining summand is denoted by Harm""" c Q-'^^{A). 

Proposition 11.7.1. 

Harm-^ = d(Harm-'-) 6(Harm-^). 
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Proof. Observe that db + bd — 1 — k is invertible on Harm"'". Let G be its in- 
verse. Then G commutes with b and d. So, Gdb: Harm""" d(Harm"'") and 
Gbd: Harm""" 6(Harm"'") are both projectors. This yields the direct sum de- 
composition. □ 

11.8. Noncommutative polyvector fields. Recall the notation A = A/k; we 
have the reduced bar complex 

■ ■■A0 i<»(""^i) 0A^A0A^''<SA^A0 (g) A • • • . 

We now consider the reduced cochain complex, that is, for each n S N and each 
A-bimodule M we set 

C"{A, M) = HomA-bimod(A A®" ^, M), 

where C denotes the reduced cochains. We let Z"'{A,M) denote the space of 
reduced n-cocycles. 

Proposition 11.8.1. Suppose f E C"(A, M). Then f is a cocycle if and only if the 
map dai • • ■ dan ^ /(I <8)ai • • • a„ (8) 1) extends to an A-bimodule map Q.'^^{A) M . 

Proof. Suppose we are given some / G 'C" {A, M). Write / G Hom]it(A^", M) for 
the map /(w) = /(I 1) for all to G A^"' . If / is a cocycle (i.e., if df = 0), then 

f*{dai ■ --dan) = f{ai ■■■On) 

extends / uniquely to an >l-bimodule map /* : Q'^^{A) M. The left A-linearity 
of /* is trivial, so the cocyclicity condition is then becomes equivalent to right 
A-linearity. □ 

Write 'Z''{A, M) for the k- vector space of cocycles in the reduced cochain com- 
plex (A, M). 

Corollary 11.8.2. There is a canonical vector space isomorphism 

TiA, M) = HomA-bimod(l^Sc(^), A^), 

i.e., the A-bimodule represents the functor M \ — > Z^{A,M). 

In particular, if 6* e DcrA C Der(T(^*)), then it extends uniquely to yield 
a 1-cocycle G Z^{A,A). So, every derivation yields a cocycle. Thus, the above 
Corollary is a generalization to p > 1 of the interpretation of the space Z {A, M) as 
the space Der(A, M) = HomA-bimod(f^ic(^)> of derivations from A to M (where 
the latter equality follows from the universal property of Q.l^^{A)). 

Definition 11.8.3. For any p > 1, wc set Q^^^A) := Hom^_bimod(f^nc(^)i 
and call elements of the graded space Ql^^.{A) := 0p>]^ &p^^.{A) noncommutative 
polyvector fields on A. 

By definition, there is a natural pairing <9p^{A) (g) ilP^{A) — > A. 

Proposition 11.8.4. For any associative algebra A, there is a natural graded Lie 
super-algebra structure on Q*~^{A), i.e., a super-bracket such that 

[eL(A),eL(^)]ceg+«-i(A). 
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Remark 11.8.5. The degrees given above are precisely those for the usual Schouten 
bracket. 

Proof of Proposition \l 1 .y'm Inside the Hochschild cochain complex Cp{A,A) — 
Honiis(A®P, A) we have a subcomplex of reduced cochains 6^(71, A) = Hom]i5(yl^^, A). 
Thus, a cochain is a reduced cochain provided it vanishes whenever at least one 
entry is a scalar. It follows easily the reduced cochain complex is preserved by the 
Gerstenhaber bracket. It is also true, although not quite so transparent, that the 
Gerstenhaber bracket is compatible with the Hochschild differential. In particular, 
it preserves cocycles. So, if we let z'^ denote the reduced p-cocycles, we obtain a 
bracket 

But by Proposition I ll.^OI we can extend a reduced p-cocycle w to a bimodule map 
from flP^{A) to A. An element of Hom^_bimod(f^nc(^)i ^) is called a p-vector field. 
The Gerstenhaber bracket then yields a Lie super-algebra structure on p-vector 
fields. □ 

Question 11.8.6. (i) Does the natural 8. (A)-action on ^l'^^{A) descend to DR' {A) ? 

(ii) Given c e Qp(A), when does the map ic : il2^{A) fl2~P{A) descend to a 
well-defined map DR"(A) ^ DR""P(A) ? 



12. The Representation Functor 



12.1. It is believed that the noncommutative geometry of an associative algebra A 
is 'approximated' (in certain cases) by the (commutative) geometry of the scheme 
Rep^ of n-dimensional representations of A. Moreover, it is expected that this 
approximation becomes 'better' once the integer n gets larger. 

Remark 12.1.1. There exist noncommutative associative algebras A that do not 
have any finite dimensional representations at all. Thus the idea of looking at finite 
dimensional representations has obvious limitations. 

Suppose A is a finitely generated associative algebra and i? is a finite dimen- 
sional k-vector space. Let Rep^ denote the affine (not necessarily reduced) scheme 
of all k-linear algebra maps A Endk E, see below for a rigorous definition of the 
scheme structure. 

Given a G A, for each representation p € Rep;^, the element p{a) is a k- 
linear endomorphism of E. The assignment p i—t p{a) is an Endt i?- valued regular 
algebraic function on Rep^, to be denoted a. Equivalently, the function a may be 
viewed as an element of End^ £^(X)k[Rep;^], a tensor product of the finite dimensional 
simple algebra Endk E with k[Rep;^], the coordinate ring of the scheme Rep;^. 

Let GL{E) be the group of invertible linear transformations of E. Then we 
have an action of GL{E) on Rep;^ by conjugation. That is, if (^: A End^E' is a 
representation and g G GL(E), we define {g ■ ^){a) := gip{a)g^^ for all a (£ A. 

The trivial bundle E x Rep;^ — > Rep;^ has a natural structure of GL{E)- 
equivariant vector bundle on Rep;^ (with respect to the diagonal GL{E)-actioii 
on E X Rep^). We call this vector bundle the tautological vector bundle, to be 
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denoted .ERep- The algebra Endi^Rep, of vector bundle endomorphisms of .ERep is 
clearly identified with Endk E k[Rep^]. 

Observe that, for any a € A, the element a € Endki? k[Rcp;^] is GL{E)- 
invariant with respect to the simultaneous Gi(i?)-action on Endi^ (by conjuga- 
tion) and on k[Rep^]. This way, the assignment a ^ a gives a canonical algebra 
map 

rep : ^ ^ (End, E ® k[Rep^])''''^''^ = (End^Rep)''''^''^ (12.1.2) 

To make the scheme structure on Rep^ explicit, we first consider the special 
case A = k{xi, . . . , Xr), a free algebra on r generators. 

An algebra homomorphism p : k(.xi, . . . , .t^) — > Endij(i?) is specified by an 
arbitrary choice of an r-tuple of endomorphisms Xi := p{xi), . . . ,Xn p{xr) G 
Endk(-E). Thus, we have an isomorphism of algebraic varieties 

j^gpk{xi,...,x.> ^ End|,(E;) X ...Endte(E) , p ^ {p{xi), . . . , p{xr)) . (12.1.3) 

r factors 

Now, given any finitely generated associative algebra A, choose a finite set 
{x\, . . . ,Xr} of algebra generators for A. Then, we have 

A = 'k{xx,...,Xn)/I 

for some two-sided ideal / C k(a::i, . . . ,a;„). It is clear that, giving an algebra map 
A Endk E is the same thing as giving an algebra map k(a:i, . . . , Xn) — * Endk E 
that vanishes on the ideal I. Put another way, the projection k{xi, . . . ,a;„) A 
induces a closed imbedding Rep^ ^ Rep'^^^^' "'^'"\ and we have 

Rep^ = {/ e Rep^<^^'-'^-> ^ EndM(i;) x . . . EndM(i;) | /(/) = 0}. (12.1.4) 

The RHS of this formula is clearly an algebraic subset of a finite dimensional vector 
space defined by algebraic equations, that is, an affine subscheme. This puts an 
affine scheme structure on the LHS of the equation, that will be shown below to be 
independent of the choice of the generators xi,. . . ,Xr of the algebra A. 

In order to make the construction of the scheme structure on Rep^ manifestly 
independent of the choice of generators, it is coventient to use the functor of points. 

Recall that for any category an object S £ gives rise to a functor 

S{-) : ^ — y Sets , X i — > S{X) := Hom^(5, X). 

Further, the Yoneda lemma says that, for any 5, S' G ^, every isomorphism of 
functors >S'(— ) is necessarily induced by an isomorphism of objects 

S' S. In particular, the functor S{—) determines the object S uniquely, up to 
a unique isomorphism. 

Recall next that the category of affine schemes of finite type over k is equivalent, 

via the 'coordinate ring' functor, to the category of finitely generated commutative 
k-algebras. Thus, any affine scheme S is completely determined by the correspond- 
ing functor 

S{—) : fin. gen. Commutative Alg. — > Sets, 

B ^ S{B) := Homaig(k[5],B) ~ Homschemes(SpecB, 5). 
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The set S{B) is usually referred to as the set of -B-points of S; for B = k[X], it is 
just the set of algebraic maps X S. 

Now, fix a finitely generated associative (not necessarily commutative) algebra 
A, and an integer n> 1. Given a finitely generated commutative algebra B, write 
Matni? for the associative algebra of ri x n-matrices with entries in B. We define 
a functor on the category of finitely generated commutative algebras as follows: 

Rep^(— ) : fin. gen. Commutative Alg. — > Sets, 

B I — > RGvi{B) ■■= Homaig(y4,Mat„S). (12.1.5) 

For B — k[X], one may think of the set Homaig(A, Mat„(k[X]) as the set of fam- 
ilies {px ■ A Mat„k}a;gx of n-dimensional representations of the algebra A 
parametrized by points of the scheme X. Thus, if iJ = k" and X is a point, we get 
back to the original definition of Rcp^ :— Rep^. Observe also that if = k", then 
we have 

Endk E (g) k[Rep;^] = Mat„k (g) k[Rep;^] = Mat„ (k[Rep;^]) . 

The above discussion can be summed up in the following result that shows at the 
same time that the description of the scheme Rep;^ given in 1)12.1.4(1 is independent 
of the presentation A — k.{xi, . . . , Xr) /I- We restrict ourselves to the case E = k", 
in wich case we have 

Proposition 12.1.6. (i) For any finitely generated associative algebra A, the cor- 
responding functor (|12.1.5|) is representable by an affine scheme, which is called 

Kept 

(ii) The coordinate ring R := k[Rep^] is a finitely generated commutative alge- 
bra equipped with a canonical algebra map rep : A Mat„i?, a i— *■ a, see (|12. 1.2(1 . 
such that the following universal property holds: 

• Given a finitely generated commutative algebra B and an algebra map p : A ^ 
Mat„i?, there exists a unique algebra homomorphism p : R ^ B making the 
following diagram commute 

A — Mat„i? 

Mat„(p) 

Mat„B. 

Here and below, given a linear map / : y — > [/ of vector spaces, we write 
Mat„(/) : Mat„(y) Mat„(?7) for the map between the spaces of T^-valued and 
?7- valued matrices whose entries are all equal to / (observe also that Mat„(y) ~ 
Mat„k(g) F). 



Proof of Proposition. To prove the representability of the functor one has to choose 
a set of algebra generators for A, and write A ~ k{xi, . . . ,Xr)/I- Then, the set 
Homaig(A, Mat„i?) may be identified, as in 1(12.1.4(1 . with i?-points of a subscheme 
in Mat„k x . . . x Mat„k. □ 
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Remark 12.1.7. Note that we have defined the scheme Rep^ through its functor 
of points, without describing the coordinate ring k[Rep;^]. The latter ring does 
not have a simple description: below, we will produce a finite set of generators 
of the ring k[Rep^], but determining all the relations among these generators is a 
formidable task. 



Corollary 12.1.8 (Functoriality). Any algebra map f : A ^ A', /(1a) — ^A' 
induces an algebra map f : k[Rep^ 
varieties f 



Rep^ ], hence, a morphism of algebraic 



Repf 



Rep^ 



Proof. Set B := k[Rep^ ], and apply Proposition 112. l.T)l to to the map 

P;AMA'^ 



Mat„(k[Rep5]). 

The universal property from the Proposition implies the existence of an algebra 
map p: k[Rep^] k[Rep^ ] that makes the following diagram commute: 

Mat„(k[Rep;^]) 

Mat„(p) 




Mat„(k[Rep„ ]) 



Thus, we may put / 



□ 



12.2. Traces. Let ^ be a k-algebra and M an ^-module which is finite dimensional 
over k. Then, the action in M of an element a E A gives a k-linear map a : M ^ M. 
We write trM(a) for the trace of this map. 

It is clear that if N is an A-submodule in M, then we have 

trM(a) = ti'A//A'('3-) + trAr(a) (additivity of the trace). 

Any finite-dimensional A-module clearly has finite length, hence has a finite 
Jordan-Holder series M = M° Z) D . . . D M'' Z) M'=+^ = 0. The isomorphism 
classes of simple composition factors M'^/IVP'^^ in this series are defined uniquely, 
up to permutation. Hence, the ^-module ssM :— 0MYM*+-'^ is independent of 
the choice of Jordan-Holder series. By construction, ssM is a semisimple ^-module 
(i.e., a direct sum of simple A-modules), called the semi-simplification of M. 

The additivity property of the trace implies that trM(a) = trAr(a) , Vo G A, 
whenever M and N have the same semi-simplification. Conversely, one has 

Theorem 12.2.1. Let A be a finitely generated k-algebra and M and N be finite- 
dimensional A-modules such that trM(a) = trAr(a) for any a £ A. Then, ssAf ~ 
ssN. 



Proof. Both the assumptions and the conclusion of the Theorem are unaffected by 
replacing M by ssAf, and N by ssA^. Therefore, we may reformulate the Theorem 
as follows: if M and N are semisimple A-modules such that trM(a) = trAr(a) for 
any a £ A, then M ^ N. 

Thus, from now on we assume that M and N are finite-dimensional semisimple 
A-modules. 
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Let Aiin(A'f A^) C A be the annihilator of AlQiN, that is the set of aU elements 
a E A that act by zero on M N. This is a two-sided ideal in A, and the action 
of A gives an algebra imbedding A' := A/Ann(M © TV) Endk(M ® N). We see 
that A' is a finite dimensional algebra and that M ® iV is an A'-module, which is 
moreover semisimple, since it is semisimple as an yl-module. 

Let Rad A' be the radical of A' , the intersection of the annihilators of all simple 
A'-modules. Thus, Rad A' annihilates any semisimple ^'-module, in particular, 
annihilates M(BN. Furthermore, the structure theory of finite dimensional algebras 
over k says that 

W A' /Rad A' = ®i Endik(£',) where E, = ¥'\ 

Thus, each Endiis(£'i) ^ Matri(k), is a simple matrix algebra, and any simple A'- 
module is isomorphic to some Ei^ viewed as an A'-module via the projection A' -» 
Endk (£;.). 

We conclude that our semisimple A'-modules M and N have the form M — ®Ei 
and N — ®Ej, respectively. With this understood, the assumption of the Theorem 
reads: 

trAf (a) = tr7v(a) for any a <E 0^ Endik(i?i). 
This clearly implies that the direct sums M ~ ®Ei and N = ®Ej involve the same 
summands with the same multiplicities. Hence M ~ iV, and we are done. □ 

We now fix a finite dimensional vector space E and consider the scheme Rep^. 
For any p G Rep^, let 0(p) denote the GL(i?)-orbit of the point p. The orbit 0{p) 
corresponds to the isomorphism class of the A- module Ep^ and we write 0(ss(/9)) 
for the orbit corresponding to the semi-simplification of Ep. 

The following result is a standard application of Geometric Invariant Theory, 
see [UTT]. 

Theorem 12.2.2. (i) The orbit 0(p) is closed in Rep^ if and only if Ep is a 
semisimple A-module. 

(ii) For each p E Rep;^, the orbit 0(ss(p)) is the unique closed GL{E)-orhit 
contained in 0(/5), the closure ofO{p). 

Taking the trace of the Endk i?- valued function a, one obtains an element tr(a) e 
k[Rep^]'^^(-^\ the GI/(i?)-invariant regular functions on Rep^. Equivalently, tr(a) 
is the image of a under the linear map tr(g)id : Endij E (^k.[Rep^] — > k®k[Rep;^] = 
k[Rep^]. 

Theorem 12.2.3. (i) The functions {tr(a) , a E A} generate k[Rep^]'^^(^) as an 
algebra. 

(ii) The natural map Rep^ — s- Speck[Rep^]'^^'^-' induces a bijection between 
the isomorphism classes of semisimple A-modules of the form Ep, p E Rcp^, and 
maximal ideals of the algebra k[Rep£]'^^^^\ 

Proof. Part (i) can be deduced from a theorem of LeBruyn-Procesi jLPj . Part (ii) 
follows from the general result, cf. GIT saying that the elements of the algebra 
k[Rep^]'^'^(^) separate closed GL(£;)-orbits in Rep^. □ 
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12.3. Noncommutative Rep-scheme (following |LBWp . We have seen that 
the functor B i — > Homaig(A, Mat„i?) is representable, as a functor on the category 
of finitely generated commutative algebras. L. Le Bruyn and G. Van de Weyer have 
observed, see (LB W, . that this functor is in effect representable on the much larger 
category of all finitely generated non-commutative associative algebras. The non- 
commutative algebra, ^/A, that represents the functor Homaig(A, Mat„(— )) maps 
surjectively onto k[Rep„], the coordinate ring of the scheme Rep^ constructed in 
Proposition 1 1 2 . 1 ."HI Thus, \/A may be thought of as the coordinate ring of a non- 
commutative space, the canonical 'non-commutative thickening' of the commutative 
scheme Rep^. 

The algebra \^ is constructed as follows, see jLBW| for more details. 

First, one forms the free-product algebra A*Mat„Ik, which contains the matrix 
algebra Mat„k as a subalgebra. Let 

^/A:^[A^ Mat„k] ^""'"^ (12.3.1) 
= {r e A * Mat„k | x - r = r ■ x, Wx € Mat„k}. 
be the centraliser of the subalgebra Mat„k C A* Mat„k. 

Examvle 12.3.2 f jLBW| ). One can show that y^k{xi, . . . , Xr) — k{x-^-^ i , • ■ ■ , ^), 
is a free algebra on n • generators. □ 

Following jLBWj . we are going to construct, for any (not necessarily commu- 
tative), associative algebra B, a canonical bijection 

Homaig(A, Mat„B) ^ Homaig( \/A, B) (12.3.3) 

The bijection would clearly yield the representability claim mentioned above. 

The construction of this bijection is based on the elementary Lemma below. 
To formulate the Lemma, fix an associative algebra i?, and an algebra map z : 
Matnk —i R, such that ^(l) = 1. Let i?'^^*" denote the centralizer of j(Mat„k) in 
R. 

Lemma 12.3.4. In the above setting, the map Mat„k ® /j'^^t,, — ^ R^ m® r \ — > 
i{ni) ■ r, is an algebra isomorphism. Moreover, if R is a finitely generated algebra, 
then so is the algebra R^^^" , □ 

Proof (by D. Boyarchenko). The map is clearly an algebra homomorphism. To 
prove that this map is bijective, we form the algebra S := Mat„k 0^ Mat„k°P. 
This is clearly a simple algebra of dimension n^, which is moreover isomorphic to 
Mat„2(k). Thus, by the well-known results about modules over finite dimensional 
simple k-algebras, the algebra S has a unique, up to isomorphism, simple S'-module 
L which has dimension . Furthermore, any faithful S'-module M (i.e., such that 
Is • m = m — Q, for any m G M) is isomorphic to a (possibly infinite) direct 
sum of copies of L, that is, has the form L ®V , for some vector space V . 

The algebra Mat„k has an obvious Mat„k(g)j Mat„k°P-module structure via left 
and right multiplication. Also, dimMat„k = . We conclude that L = Mat„k, as 
a module over S = Mat„k Mat„k°P. 

Now, the map t : Mat„k R makes R a faithful (since i(lMat„) = Ifl) Mat„k- 
bimodule, hence, a left S'-module. Thus, there is an S-module isomorphism R ~ 
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S V, where V is some k-vector space. Under this isomorphism, i?"'^*" clearly 
corresponds to (k • I5) (g) V" because the center of 5 is k • Ig. So the statement of 
the lemma becomes obvious. □ 

Applying the Lemma to the tautological imbedding i : Mat„k ^ R ~ A * Mat„k, 
and using the notation 112.3.1(1 , we obtain a canonical algebra isomorphism 

if : Mat„k <g) \fA ^ Mat„k (g) i?Mat„ ^ Mat„k. 

Now, for any algebra an algebra morphism / : vC4 — > B, induces an algebra 
morphism / ; A ^ Mat„i? given by the composition: 

A ^ A* Mat„k Mat„k (g) VA Mat„k (g B = Mat„B. 

Conversely, given an algebra map g : A Mat„_B, the universal property of free 
products yields an algebra map g * j : A* Mat„k Mat„_B, where j : Mat„k ^ 
Mat„i3 is the natural imbedding. Observe that the centralizer of the image of 
J is formed by "scalar matrices", i.e., we have (Mat„i?) " = B. Therefore, 
the subalgebra g * j{ v^), the image of the restriction oi g * j : A * Mat„k 
Mat„i3 to the centralizer of Mat„k in A * Mat„k, is contained in the subalgebra 
(Mat„i3) " = B. This way, one obtains a map ^ : ^fA B. 

It is straightforward to check that the assignments / 1— > / and g i— > are 
mutually inverse bijections. This completes the construction of the bijection in 

12.4. The Rep-functor on vector fields. Below, we are going to relate various 
'non-commutative' constructions on A with their commutative counterparts for 
Rep^. 

First, we claim that any derivation of A gives rise to a G'-L(ii')-invariant vector 
field on the scheme Rep;^. 

Example 12.4.1. For instance, let 9 = ada € Inn(^) C Der{A) be an inner deriva- 
tion. The corresponding vector field on Rep;^ is then going to be tangent to 
the orbits of the GL(i?)-action on Rep;^, and it is constructed as follows. Write 
= Lie GL{E) = End^i? for the Lie algebra of the group GL{E). To a € A, we 
have associated the element a G Endk £'(gk[Rep;^] , which we now view as a g- valued 
regular function on Rep^. For point p G Rep^, let a(p) G g be the value of the 
function a at p. Further, the infinitesimal g-action on Rep^ (that is, the differential 
of the action map GL{E) x Rep;^ Rep;^ the unit element of GL{E)) associates 
to any x e g and p G Rep;^ a vector Xp in Tp (Rep;^), the tangent space to Rep;^ at 
p. In particular, we have the vector a{p)p G rp(Rep^). The assignment p 1 — > o,[p)p 
gives the required vector field, 6, on Rep;^. 

To study the general case, we first need to understand the tangent space of 
Rep^ at some point p G Rep^. So, p: A End^i? is an algebra map, hence it 
induces an A-module structure on E. We denote this A-module by Ep. Then the 
tangent space TpRep^ is given by all k-linear maps ip: A ^ Endk(i?) such that 
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[p + £(p) : A Endkjg] (k[£]/(£^) (g) E) is an algebra map. Expanding both sides of 

(p + e(p){aa') = {p + £ip){a) ■ [p + eif){a'), we have 

p{aa') + eip{aa') = p{a)p{a') + £if{a)Lp{a') + p{a)£if{a'). 

Since p is an algebra map, p{aa') — p{a)p(a'). Cancelling them and dividing by the 
common e factor, we find that 

ip{aa') — ip{a)p{a') + p{a}Lp{a'). 

If we regard End|j;(i?p) as an ^-bimodule in the obvious fashion, this equation 
implies that ip £ Der{A,Endk{Ep)), i.e., T^Rep^ ~ Der(A, Endk(£:p)). 

Now, suppose we have a derivation 9 E Dcr(A). We wish to generate a vector 
field 9 on Rep;^. Indeed, for each p e Rep;^, we set 

9,ia)=pi9ia))=e(a)ip). 

It is not hard to check that this is a derivation, hence 9p G Der(^, Endk(-Ep)) 
= TpRep;^. 

Example 12.4.2. By Lemma l!}.4.1l a derivation 9 of the free algebra A = k{xi , . . . , Xr) 
is determined by sending each generator Xi , i = 1 , . . . , r, to an arbitrarily cho- 
sen element 9{xi) = fi{xi, . . . , Xr) G A, which we regard as a non-commutative 
polynomial in the variables xi, . . . , Xr- Given such a derivation 9 we describe the 
corresponding vector field 9 on Rep^ as follows. 

Fix p e Rep;^ and let Xi p{xi), . . . ,X„ :— p{xr) £ Endij(iJ) be as above. 
We have TpRep;^ = Der(yl, End i?p), where Ep denotes the A-module E endowed 
with the A-module structure given by p. Then composing 9 with p, we obtain 
a derivation p o 9: A End i^p. Thus, writing 9\p for the value of the vector 
field 9 at the point p, we have 9\p = p o 9. Hence, for each i = 1, . . . , r, we find 
9\p: Xi 1-^ fi{Xi, . . . ,Xr)- Thus, using the identification (|12. 1.3(1 we get 

X,) = {hi^li ■ ■ - i^r), ■ ■ ■,fr{Xi, . . ■,Xr)), 

where the r-tuple on the RHS is viewed as a vector in Endit(£') x . . . Endic(£'). Now, 
a vector field ^ on any vector space R is nothing but a map R ^ R that sends each 
vector r £ Rio the vector the value of f at r. With this understood, we see that 
the vector field 9 is nothing but the following self-map of Endi5(_E) x . . . Endi5(i?) 

/: ^ (12.4.3) 



Proposition 12.4.4. For any finitely generated associative algebra A, the assign- 
ment 9^9 gives a Lie algebra homomorphism Der(^) ^(Rep^). 

Proof (by D. Boyarchenko). Let 9 € Der(A), be a derivation. Set R := k[Rep^], 
and recall the notation of Proposition ll2.1.Sl We have the following characterization 
of the vector field 9: 
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Claim 12.4.5. (i) There exists a unique derivation 9 G Der(i?) that makes the 
following square commute 



A- 



A 



Mat„(e) 

Mat„i? ^ Mat„i?. 



(ii) For any point p € Rep^, the value at p of the vector field on Rep^ induced 
by the derivation 9 from (i) , is equal to the vector 9\p constructed above. Thus, 
6' = 6' is indeed a regular algebraic vector field. 



Assuming the Claim, we complete the proof of the Proposition as follows. Let 
9,6 E Dcr(yl), and 9,5 £ Der(i?), be the corresponding derivations of R arising 
via Claim [T!j.4.5l Then, clearly [9,6] is again a derivation of R and, moreover, the 
diagrams of part (i) of the Claim for 9 and 5, respectively, yield commutativity of 
the diagram 



A- 



Mat„i? ■ 



Mat„([e,<5]) 



A 



■ MaXnR. 



Now, the uniqueness statement in Claim [T2. 4.5^ 1 combined with (ii) implies that 
[9, 6] = [9, 6], and the Proposition is proved. 



Proof of Claim. Observe that for A viewed as an ^d-bimodule, the square-zero con- 
struction produces an algebra A'^A which is nothing but Af. := >l(g)k[e]/((£^)). Fur- 
ther, let A ^ A^he the tautological algebra imbedding. A linear map 9 : A ^ A 
is a derivation of A if and only if the assignment 9^ : a i — > a + e ■ 9{a), gives an 
algebra homomorphism A A^. 

Recall the canonical algebra map rep : A — > Mat„i?. Tensoring with k[e]/ ((e^)), 
one gets a homomorphism rep^ : A^ (Mat„i?)^. But we have 

(Mat„i?)^ = Mat„i?®k[e]/((e2)) = M&tn{R<»k[s]/ {{e^) = Mat„(i?e). 

Now, fix g Der(yl) and let 0^ : A — s- be the corresponding homomorphism. 
Composing 9^ with the morphism rep^, we obtain the top row of the following 
diagram 

A^ ^ A, — ^ (Mat„i?)^ 



Mat„i? ^ Mat„(i?£). 

The universal property of R explained in ProDOsition ll2.l"(^ guarantees the existence 
and uniqueness of an algebra map (j) : R R^ that makes the above diagram 
commute. By the discussion at the beginning of the proof, the map 4> thus defined 
gives a derivation 9 : R^ R such that (p = {9)e- This proves the Claim. □ 
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Let ^j"'^(£'rop) denote the space of first order differential operators on i?Rcp 
with scalar principal symbol, cf. This is a Lie algebra, and the group GL{E) 

acts naturally on ^^(Encp) by Lie algebra automorphisms. We consider the Lie 
subalgebra (E^Rop)'^^^^^ C ^^^(E^Rop), of G'L(£:)-invariant elements. 

Remark 12.4.6. Since the vector bundle i?Rcp is canonically and G'L(i?)-equivariantly 
trivialized, the symbol map a : f^;J^(i?Rop) — > 5^(Rep;^) has a natural GL{E)- 
equivariant splitting ,^(Rep^) — > i^;|^(£'Rcp). This splitting allows to lift the the 
Lie algebra map 9 ^ oi Proposition ^^^31 to a Lie algebra map indicated by the 
dotted arrow in the following diagram 

Der(^) 

End(i?Rep)Gi(^^) (£;rcp)«^(^) ^(Rep^)Gi(^^) ^ 0. 

12.5. Rep- functor and the de Rham complex. Given a noncommutative dif- 
ferential n-form, lj — af) dai ■ ■ ■ dan G ^nc(^)i define 

p{u) = tr(ao (fii • • • (£„) G l]"(Rep^)^-^(-^\ 

where the f?" on the right-hand side denotes the usual differential n-forms. Since 
the trace is symmetric (that is, tr(a6) = tr(6a)), it vanishes on [il^(,(j4), r2^j.(A)]. 
Hence the p descends to a map p: DR'(A) ^ rj' (Rep^)*^^'^). 

We would like to deal with equivariant cohomology rather than this invariant 
part of the (usual) de Rham complex. 

12.6. Equivariant Cohomology. Let X be an algebraic variety, and let g be a 
Lie algebra. Suppose we have a Lie algebra map g ,'7{X). The g-equivariant 
algebraic de Rham complext of X is the complex 

((f]-(X)®k[g])0, dg), (12.6.1) 

where g acts on Q,'{X), by the Lie derivative the g-action on k[g] is induced 
by the adjoint action of g on, and the differential (called the Koszul differential) 
is defined in the following way. Choose a basis for g and let e* denote the dual 
basis. Then we set 

n 

r=l 

where d is the usual de Rham differential on fi' {X) and ig^ denotes contraction by 

Remark 12.6.2. The cohomology of the complex p2.6.1|l are called the equivariant 
cohomology of X. Assume G is a Lie group with Lie algebra g such that the map 
g ■'^{X) can be exponentiated to a free G-action on X and, moreover, the orbit 
space X/G is a well-defined algebraic variety. Then, the complex H12.6.1|l computes 
the ordinary de Rham cohomology oi X/G. In the general case, the leaves of the 
vector fields coming from the image of g ^ allow to consider the stack 

quotient X/g, and the cohomology of the complex l|12.6.1(l should be thought of as 
the de Rham cohomology of that stack quotient. 
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Choose any element w / £ (n' (X) ® k[0])8. Then w /(O) e which 
yields a surjection 

(f}'(x)«)k[fl])8 ^ n'{xy 

that intertwines the differentials dg and d. However, this map is usually neither 
surjective nor injective on the level of cohomology. 

Now, we let A be an associative algebra and E a finite-dimensional vector space. 
Let X = Rep^ be the representation variety of A with the natural GL(_E)-action. 
Then we obtain a map 

repoR : DR(yl) ^ 17"(Rep^)B, a ^ tr(a), 

where g = gl{E), given by uq dai ■ ■ ■ dan tr(ao ddi ■ ■ ■ ddn), where for each a e A, 
a: Rep;^ End^ E is given by a{ip) = (^(a)- 

Problem 12.6.3. Is there a natural map making the following diagram commute ? 

((^!•(Rep^)®k[0])^d,) 



(DR" (A), d) ^ {n' (Rep;|)8, d) 

Here is a simple example of a possible lift (dotted arrow above) in a very 
special case. Let a = daida2 G DR (A), so tr(a) = ti{ddidd2). Finding the 
image of a under the dotted map amounts to finding a degree two element a € 
(n'(RepB) (g) k[2]y of the form 5 = a 1 + 4>, where $ e (k[Rep^] (g) g*)^. Since 
a is closed, the compatibility of the dotted map with the differentials reads 

Using the trace pairing x,y t—^ tr(a; • y) on g = Endp i?, we may identify g with 
g*, and view <i> as an element of k[Rep;^] (g) g. With these identifications, we have 
($, x) — tr(<i> • x). It is easy to check that the equation above is satisfied if one puts 
$ := ai • 02 (product in the associative algebra k[Rep^] (g) Endt E). 

13. Double-derivations and the double- tangent bundle. 

13.1. Given an associative algebra A, we define the A-bimodule of double-derivations 
of A by 

Ber{A) := Der(A, = RomA^i^iM), A''), (13.1.1) 

where the A-bimodule structure comes from the A'^-action on the entry A'' by right 
multiplication. 

The fundamental exact sequence (|10.1.1|l gives rise to an exact sequence 
^ EndA^{nUA)) ^ Ber(A) ^ Der(A) ^ Ext\.{nl{A), nl{A)). (13.1.2) 
Remark 13.1.3. Note that the space 

EndAo(r2ic(^)) on the left is an associative 
algebra, in particular, a Lie algebra with respect to the commutator bracket. The 
space Der{A) is also a Lie algebra. Furthermore, the sequence above resembles the 
exact sequence for the Atiyah algebra, cf. H3.6I of the 'vector bundle' Ql^^{A). 
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We observe that if ilJj^(A) is a projective A'^-module (in which case the algebra 
A is said to be formally smooth, see §22), the Ext^-terni on the right of (|13.1.2f) 
vanishes, hence the map I])er{A) 'Der{A) becomes surjective. 

It is immediate to check that the map 

A: A — >A° = A<^A, ai — >a(X)l-l«)a (13.1.4) 

gives a derivation, i.e., we liave A S Der(A). The derivation A maps to zero under 
the projection Der(^) — > Der(A), cf. (|13.1.2|l . hence, A may be identified with an 
element of EndA<-- {^nci^)) ■ It is easy to verify that the latter element is nothing 
but the identity map Id^ji (^). 

Example 13.1.5. Let A — k[X] be the coordinate ring of an affine algebraic variety. 
Then, A^ = k[X x X], and the bimodule i^l^^{A) is the ideal of the diagonal Xa C 
X X X. We see that if dimX > 1, then X/^ has codimension > 2 in X x X, It is easy 
to deduce, by Hartogs type theorem, that in this case the map ad : A'' ^ Der(A) 
is an isomorphism. 

Assume now that dimX — 1, i.e., X is a curve. Then, we have Der{A) = 
T{X X X, Oxxx(Xa)), is the space of rational functions on X x X with simple 
pole along Xa- On the other hand, if X is a curve {dimX = 1), then the exact 
sequence in H13.1.2|l reduces to 

0-^k[X X X]~> Der{A) 9'[X) ^0. (13.1.6) 

The "meaning" of the double-derivation bimodule may be seen in terms of the 
Rep- functor, via the following construction due to Kontsevich- Rosenberg |KR,j . 

Fix a finite dimensional vector space E, and let p : A — s- Endk i5 be a representa- 
tion of A in E (to be denoted Ep). The action map A®Ep Ep is surjective since 
A contains the unit. This gives a surjective map of ^-modules act : A® E ^ Ep, 
where A® E \s regarded as a free left A-module generated by the vector space E. 
We set Kp := Ker(yl ® E Ep), a left A-module. 

For any left A-module M, we have Hom^(yl (g) E, M) = IIomii5(_Ep, Af) and 
Ext^(A (g) E, M) = 0. Hence, the long exact sequence of Ext-groups arising from 
the short exact sequence Kp ^ A^ E Ep reads: 

}iomA{Ep,M) ^ }iomk{Ep,M) — >}iomA{Kp,M) (13.1.7) 

— > Ext\{Ep,M) -> 0. 

It is easy to see that if M is finite dimensional over k, then the space Ext^(£'p, Af ) 
is also finite dimensional over k. It follows that 

dimjjA/ < oo =^ dimjj IIom^(iirp, Af ) < oo. (13.1.8) 

13.2. We consider the scheme Rep;^. To simplify notation, write End := EndjjE', 
a simple associative algebra isomorphic to Mat„k where n = dim£'. We set R := 
k[Rep;^], the coordinate ring of the scheme Rep;^, and write kp for the 1-dimensional 
i?- module such that / e k[Rep;^] acts in kp via multiplication by the number 
f{p) e k. We identify the algebra R'' = R<^R with k[Rep^ x Rep^]. We have the 
tautological algebra map rep : A ^ i? (g) End, a i— > a. 
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Further, we consider the algebra R (g) End There are two algebra maps 
rep;, rep^ : A ^ R ^ End(8)i?, given by the formulas a i-^ a (g) 1, and a i-^ 1 a, 
respectively. These two maps make R (E) End ^R an A-bimodule. 

We define the double-tangent i?-bimodule by 

^^(A) := Der(A, R Endk E (g)t R). (13.2.1) 

This is clearly a (not necessarily free) k[Rep;^ x Rep^]-module whose geometric 
fiber at a point (p, ip) S Rep^ x Rep^ is defined as 

^£(^)I(P.^) (kp®k^)(g)^^^^£°(^). 

The corresponding coherent sheaf on Rep^ x Rep^ will be referred to as the double- 
tangent bundle on Rep;^. 

Lemma 13.2.2. For any {p, ip) e Rep^ x Rep^, one has a canonical isomorphism 

{p,ip) — HomA(ifp, i?ip). 

Proof. We observe that this ^-bimodule structure on R® End(8)i? commutes with 
the obvious i?-bimodule structure. It follows that the latter induces an i?-bimodule 
structure on each Hochschild cohomology group HH^{A, R (X) End(Xii?) , p > 0. In 
particular, the sequence (|5.4.1|l becomes, in our present situation, the following 
exact sequence of i?-bimodules (to be compared with (|13. 1.7(1 ): 

HH^ {A, R(g) End (E)R) R(g)End(g)R (13.2.3) 

Der(^,i?«)End«)i?) HH^ {A, R(g) End (g)R) -> 0. 

We leave to the reader to verify that, for any two representations p,ip G Rep^, 
the geometric fibers at (p, ip) of the i?-bimodules occurring in (|13.2.3I) are given by 

HH° {A, R(^ End (»R)\^^^^ = UoniAiEp, E^), 

{R(g)End®R)\^^^^^ = }iomt{Ep,E^), 

Der(^, i?(8)End(g)i?)|^^ = UoniAiKp, E^), 

HH^ {A, R^ End (»R)\^^ = Ext\{Ep,E^). 

The statement of the Lemma is now clear. □ 

Next, we consider the following maps 

A^A ^ {R ® End) ® (End ®i?) R ® End 

where m : End End — + End denotes the multiplication in the algebra End. We 
observe that the two maps above are morphisms of A-bimodules, i.e., of A°-modules. 
Let T denote the composite map A'^ = A(E) A — > R (g) End (E)R, which is an A'^- 
module map again. 

Thus, from formula ((13.2. l|l we deduce that the A'^-module map r gives rise to 
a canonical map 

rep° : Ber{A) := Der(v4, A°) ^ Der(A, i? ® End ®i?) ^ij(^). 
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13.3. Double-derivations for a free algebra. Throughout this subsection we 
let A — k.{xi, . . . ,Xr) be a free associative algebra on r generators. For each i — 
1, . . . ,r, we introduce an element Di G Der(j4) uniquely defined by the following 
conditions 

Di{xi)^l(g)l and Di{xj) ^ Vj^i. 

Now, let F : A —I- A he an algebra homomorphism, such that xi t—^ Fi, . . . , Xr '—^ 
Fr , where Fi, . . . , F,. £ k{xi, . . . , Xr) ■ The r-tuple Fi, . . . ,Fr determines F uniquely, 
and we will think of the elements e k( functions Fi = Fi{xi, . . . ,Xr) 

in r non-commutative variables xi, . . . ,Xr- 

We define the Jacobi matrix for the map F to be the following A (g) A-valued 
r X r-matrix 

DF = II A(i^i)lki=i,...,r e Mat^(^ (g) A), (13.3.1) 
where Di {Fj ) denotes the image of Fj £ A under the derivation Di : A A(E) A 
introduced above. 

The following result is proved by a straightforward computation, see |HTI 
Lemma 6.2.1]. 

Proposition 13.3.2 (Chain rule). For any two algebra homomorphisms F,G : 
A A, in Ma.tr {A ^ A) one has 

D{GoF)^DGoDF, where \DGo DF\ki ■.= Y,Dk{G{F{x^))) ■ D,{xi). □ 

i 

Next, we fix a finite dimensional vector space E and consider the scheme Rep^, 
which is canonically isomorphic to End]|j(£') x . . . End|ij;(£^) via the identification, cf. 

Rep;^ 9 p I — > {Xi := p(xi), . . . , X„ := p{xr)) ■ 

Analogously to the case of derivations considered in Example 1 12. 4. 21 any auto- 
morphism F : A ^ A induces an automorphism F of the vector space Rep^ . The 
map F is given, in terms of the r-tuple Fi, . . . , Fr G k{xi, . . . , Xr), by the formula 

F: (Xi,...,X„) ^ (Fi(Xi,...,X„),...,F,(Xi,...,X„)). (13.3.3) 

For each i = 1, . . . , r, and any a £ A, we have an element Di{a) — D'i{a) ® 
D'l [a) £ A® A. Thus, given a point p e Rep;^, we have a well-defined element 
p{D,{a)) = P{D'i{a)) ® p{D'/{a)) e Endk(£;) (g) Endk(£;). In particular, for each 
i,j = l,...,r, there is an element p{Di{Fj)) € Endik(i?)g)Endiic(i?). These elements 
give rise to a linear map 

iDF)p : Rep;^ ^ Rep;^, 

given by the formula 

(Zi,...,Z,)^ (13.3.4) 

{j2piD'iiF,)) ■ Z, ■ p{D'i{F,)) J2p{DUF,)) ■ Z, ■ p{D':.{F,))). 

The differential of the map (|13.3.3|l can be read off from the Jacobi matrix 
1)13.3. 1|) by means of the following result, proved in |HT[ Lemma 6.2.2]. 
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Proposition 13.3.5. The differential of the map F at a point p = {Xi, . . . , Xn) E 
Rep^ is a linear map dpF : TpRep^ — > TpRep^^ given by formula 1)13. 3. 4|1 . that is, 
we have dpF = {DF)p , Vp G Rep^. □ 

13.4. The Crawley-Boevey construction. Recall next that we have an isomor- 
phism = A'^ . Therefore, right multiplication in the algebra A'^ makes 
hence Der(^) a left ^''-module, that is, an A-bimodule. 

We consider Ta^by^A), the tensor algebra of the A-bimodule Ber(yl), and 
view the derivation A, see p3.1.4|l . as an element of T^Der(j4) = Der(^). Given 
an element c E A, viewed as an element of r^Der(yl) = A, we introduce, following 
|CrB |. an associative algebra W{A) := rABer(A)/((A - c)), where ((A - c)) stands 
for the two-sided ideal generated by A — c. 

We first consider the case: c — Q. To this end, we use formula (|5.4.1|) in the 
special case M = and get a canonical exact sequence of A-himodules: 

— > HH^iA^A") — ^A"^ Ber{A) — > HH^A^A") — > 0. (13.4.1) 

This way, one proves 

Proposition 13.4.2. (i) The above map A'^ — > Der(^) sends the element 1 G A'^ 
to the derivation A, see (113.1.4(1 . Thus, HH {A,A°) is isomorphic to a quotient of 
Der(A) by the sub A-bimodule generated by A. 

(ii) The isomorphism in (i) induces a graded algebra isomorphism 
nO(A) = TAOev{A)/{{A)) ^ TaHH^{A, □ 

In the general case of an arbitrary c G A, the grading on the tensor algebra 
induces a natural increasing filtration on the algebra TA^er{A)/ {{A — c)). Further- 
more, part (ii) of Proposition 113.4.21 yields a canonical surjective graded algebra 
map 

TaHH\A,A-) ^ grrAeer(A)/((A-c)). 

It would be interesting to find some sufficient conditions for the map above to be 
an isomorphism (a Poincare-Birkhoff-Witt type isomorphism). 

The case c = 1 is especially important. To explain the geometric meaning of 
the algebra 11^ (A), we return to the setup of Example 113.1.51 and let A — k[X] be 
the coordinate ring of a smooth affine algebraic curve. 

Theorem 13.4.3. The algebra lV-{k.[X\) is canonically isomorphic, as a filtered 

1 /2 

algebra, to !^{X,il^ ), the filtered algebra o/ twisted differential operators acting on 
half-forms on X . 

Remark 13.4.4. It has been shown in |CrBj . that there is a natural graded algebra 
isomorphism n°(k[X]) = k[T*X], where T*X stands for the total space of the 
cotangent bundle on the curve X. 

We refer to |BB| for the basics of the theory of twisted differential operators 
on an algebraic variety. According to this theory, sheaves of twisted differen- 
tial operators on a smooth affine algebraic variety X are classified by the group 
H^^{X, —). This group vanishes if X is a curve. Thus, in the case at hand, one 

can replace the algebra !^{X, il^^) in Theorem 113.4. 31 bv the algebra ^^{X, Ox) of 
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usual (not twisted) differential operators on X. In this form, an algebra isomor- 
phism n^(A) ^ ^{X,Ox) has been already established in |CrBj . 

The advantage of our present version of Theorem 113.4.31 involving twisted dif- 
ferential operators, is that the isomorphism of the Theorem becomes canonical. In 
particular, both the statement and proof of the Theorem generalize easily to the 
case of sheaves of algebras of twisted differential operators on a not necessarily 
ajfine smooth curve X . To explain this, observe that in the case of an affine curve 
we have = h[X x X], hence the bimodule C A® A is the ideal of the 

diagonal divisor X^ d X x X. Therefore, we have 

I3eYA^lloxnA4^icA,A® A) ^T{X x X, Oxxx(^a)), (13.4.5) 

is the space of regular functions on [X x X) \ X/^ with at most simple pole along 
the diagonal divisor X/^. 

Now, in the case of an arbitrary smooth, not necessarily affine, curve X it is 
natural to define the sheaf Vl\^{Ox) to be the ideal sheaf of the diagonal divisor 
d X X X, and to put 

Ber(Ox) = ^omo^^A^lAOx), Oxy.x) = Oxxx(^a), 

see ()13.4.5|) . Repeating the definitions above, on constructs a sheaf lix of filtered 
algebras on X that corresponds, locally in the Zariski topology, to the algebra 
n(yl). The sheaf-theoretic version of Theorem 1 13. 4. 31 savs that there is a canonical 
isomorphism between IIx , viewed as a sheaf of filtered algebras on X in the Zariski 
topology, and the sheaf of twisted differential operators on X acting on half-forms. 
We note that, for any complete curve of genus ^ 1, the sheaf of twisted differential 
operators acting on half-forms is not isomorphic to the sheaf of usual, not twisted, 
differential operators. 

13.5. Sketch of proof of Theorem 113.4.31 First of all, for any associative not 
necessarily commutative algebra A we have the tautological A-bimodule imbedding 
^\^A ^ A® A and an A-bimodule map dA : A® AOerA. Composing these two 
maps, yields a canonical ^-bimodule morphism 

0: nl^A — » DerA = HomAc(f7i^A,^°). (13.5.1) 

We observe that the morphism above is self-dual, i.e., applying the functor HomAc (— , ^°) 
to (j) one gets the same morphism again. 

Lemma 13.5.2. Assume that the bimodule A i® A has trivial center, that is for 
X £ A® A we have ax = xa, Wa € A ==^ x — 0. Then, the map in H13.5.2I) is 
injective and one has a canonical A-bimodule isomorphism 

n<i(A) ^ Coker(0) = BerA/nl^A. 

Proof. For any three objects U C F C of an abelian category, one has a short 
exact sequence 

— >V ^W® (V/U) W/U — > 0, (13.5.3) 
where the map / is the direct sum of the imbedding V ^ W with the projection 

V —f> V/U and the map g is given by g(w (v mod U)) — ~w mod U. 

Now, let A be an associative algebra satisfying the assumptions of the lemma. 
We let the triple U C V C W tohe the following triple of A-bimodules U = ^^c^ C 

V = A® A C DerA, where the rightmost imbedding induced by the map ad, which 



80 



is injective by our assumptions. From the fundamental short exact sequence we 
get A ^ A(E) A/fl^^^A = V/U. Further, the bimodule Ii<i{A) is by definition the 
quotient DerASiA — W ®V/U by the image of A® A — U . Hence, the short exact 
sequence (I13.5.3|l yields the desired isomorphism 

Uki{A) = {BerA® A)/A® A = {W®V/U)/V ^ W/U = 'DerA/ni^A. 

□ 

We can now proof Theorem 113.4.31 By standard arguments, see e.g., |Bfj| . 
to prove the theorem it suffices to construct a canonical isomorphism of Atiyah 
algebras: 



0- 



■A^U<o{A) 

Id 

■ k[X] 



n<i(A) — 



Der A ■ 

Id 



(13.5.4) 



■0 



The extension in the bottom row of this diagram can be computed explicitly. 
Specifically, one shows that this extension is canonically isomorphic, to (the spaces 
of global sections of) the following extension of sheaves 

Oxxx/Oxxx{—Xa) Oxxx{XA)/Oxxxi-XA) Oxxx{Xa)/OxxX 0. 

The quotient sheaves on both sides are nothing but the cotangent and tangent sheaf 
on = X, respectively. So the above extension reads 

-> Ox ^ OxxxiXA)/Oxxx{-XA) ^ 0. (13.5.5) 
Further, we have the following diagram of short exact sequences, cf. (|13. 1.611 . 
^ A(g)A ^—^ Der(^, A(SA) ^ Der A ^ 



0- 



r(Oxxx) 



■nOxxxiXA)) 



T{OxxxiXA)/Oxxx) 



■0 



(13.5.6) 

In the bottom row of the diagram above we have used shorthand notation r(— ) 
for r{X X X,—); this row is obtained by applying the global sections functor to 
the natural extension of sheaves on X x X. The vertical isomorphism $, in the 
diagram, follows from the identification Der^ = £^{X), with the space of regular 
vector fields on X. The vertical isomorphism ^ comes from H13.4.5|l . 

Observe that the function 1 G A^A corresponds under the above identifications 
to the element Ido G HomA'i^nc^, ^nc^) ■ Therefore, in the diagram we have 
j(l) = A, and the map j is nothing but the imbedding ad : A^A ^ Der(^, A^A), 
of inner derivations. 



Thus, we use the isomorphism ^{X) — Der A = BierA/A°, see ()13.5.6|) . to 
identify the short exact sequence in p3.5.5|l with the canonical short exact sequence 

0^ A-> Ber{A)/nl^A ^ Der A 0. 
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This short exact sequence can be identified with the extension in the top row of 
diagram 1)13. 5. 4|l using Lemma [13. 5. 21 □ 

14. NONCOMMUTATIVE SyMPLECTIC GEOMETRY 

14.1. Let A be an associative algebra and uj G DR^(^) a noncommutative 2-form. 
Contraction with w gives a hnear map i^j : Der(^) DR^(A) , 9 i-^ iguj. 

Definition 14.1.1. The pair {A, lu) is called a noncommutative symplectic manifold 
if duj — in DR'^(A), i.e., the 2-form lj e DR^(A) is closed, and furthermore, lj is 
nondegenerate, i.e., the map i^^ : Der(A) DR (A) is a bijection. 

Fix a noncommutative symplectic manifold {A,lu). 

Definition 14.1.2. A derivation 6 G Der(A) is called symplectic if ^guj = 0. We 
denote by Dcri^{A) the Lie algebra of all symplectic derivations, i.e., Der^jiA) = 
{9eBeT{A) I Ji'gLu = 0}. 

The space T)eTi^{A) inherits the Lie algebra structure from Der(A) given by 
commutators. 

Lemma 14.1.3. A derivation 9 is symplectic if and only ifigoj is closed in DR'^(A). 

Proof. This is simply an application of Cartan's formula, namely 

J^gUJ = ig o duj + d o iguj = diiguj), 
since din — Qhy assumption. □ 

Recall that, viewing R{A) as DR°(A), we have a map d: R{A) T)Yt}{A). For 
every / S R(^), df is exact in DR"'^(yl), hence closed. The previous lemma shows 
that the closed forms in DR^(A) are identified with the symplectic vector fields. We 
let 9f denote the symplectic vector field associated to df under this identification. 
As in the classical theory, 6*/ is called the Hamiltonian vector field associated to /. 
We then define a Poisson bracket on R{A) by 

{/,.?} i9f{dg)- 

Notice that since dg £ DR^(A), {/, g} is indeed contained in DR°(A) = R{A). It is 
clear that we have the following several equalities 

{f,g} -iefidg) = = -iggigjuj = -ig^idf) = -^g^g = -^gj- 

Theorem 14.1.4. (i) { — ,— } makes R{A) a Lie algebra. 

(ii) The map f i-^ 9f is a Lie algebra homomorphism from R{A) to DeT^{A). 

Proof. The skew symmetry of {— ,— } is immediate. We will first establish (ii), 
which will then prove (i). Let 0,7 be arbitrary derivations from A to A. Then by 
our standard identities we have 

i[g^^] = -Sfgi-y — ij^g = digi^ + igdi^ — ijdig — i^igd. 

Now we specialize to the case 9 = 9f and j = 9g and consider i^g^ g^^uj. By the 
definition of the Hamiltonian vector field, we know that igfUj — df and ie,^ = dg. 
Also, dio = by definition, so we are left with 

HSf,eg]^ = digfidg) + ig^d^dg) - ig^d{df). 
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The latter two terms are zero, since (P — 0. Therefore, 

HOffi,]'^ = diofidg) = d{f,g}. 

But by definitfon, d{f\g} is the unique symplectic derivation such that ig^^ ^^uj 
= d{f,g}. Hence d{f.g} = [9f,6g], which estabHshes (ii). Since / i— > Of is an 
isomorphism (a priori only of vector spaces), this shows that {/, 5} must satisfy 
the Jacobi identity (finishing (i)). Indeed, if we choose h € R{A), then the equality 
0f0gh - OgOfh = 0^f^g}h becomes {/, {g, h}} - {g, {/, h}} = {{f,g}, h}, which is 
precisely Jacobi's identity after some rearranging. □ 

Example 14.1.5. Let {V,ujv) be a finite dimensional symplectic vector space. We 
claim that the symplectic structure on V induces a noncommutative symplectic 
structure on A = T' {V*), the tensor algebra. Explicitly, let a;i, . . . , x„, . . . , y„ e 
V* be canonical coordinates in V, so that ujv = X^iLi dxi A dpi. We will see in the 
next section that one has 

Der(A) = A ® DR\A) ^ A(g)V*, ^ll,^{A) = A(g)T{V*) (g) A,yi > 0. 

We put UJA Er=i ^ (xt (g) Vt) (S) 1 e A (g> T^{V*) (g> A ^ ^IdA). Further, the 
nondegeneracy of toy implies that the assignment v 1— > ujv{v,—) yields a vector 
space isomorphism V — ^ V*. The latter induces an isomorphism 

idA^tov- BeriA) = A®V A®V* ^I)R\A). 

It is easy to verify that the last isomorphism is nothing but the map 9 t-^ ioloa 
arising from the noncommutative 2-form uoa G DR^(j4). Thus, {A — T{V*),ljja) is 
a noncommutative symplectic structure. 

Question 14.1.6. (i) Given a noncommutative symplectic structure on an associa- 
tive algebra A, can one define a Lie super-algebra structure on 0i>i Vl\^^{A) which 
is a noncommutative analogue of the Lie super-algebra structure of Lemma 16.3.41 ? 

(ii) In case of a positive answer to part (i) , does the Lie super-algebra structure 
on ©i>i f2Jjj,(A) combined with the associative product on Q.\^^{A) give rise to the 
structure of noncommutative Gerstenhaber algebra ? 

14.2. Noncommutative 'flat' space. In Noncommutative Geometry, the free as- 
sociative algebra k(a:i, . . . , Xn) plays the role of coordinate ring of an n-dimensional 
affine space. It will be convenient to introduce an n-dimensional k-vector space V 
with coordinates . . . , x„ (thus, the elements xi, . . . , a;„ form a base in V* , the 
dual space). This allows to adopt a 'coordinate free' point of view and to identify 
the algebra k(xi, . . . , x„) with A ~ T' {V*), the tensor algebra of V*. 

The derivations from A to an A-bimodule AI are specified precisely by a linear 
map from V* to M-it is then extended to a derivation uniquely by the Leibniz rule. 
So, Der(A, M) ~ F (Xi M. Therefore, the functor Der(y4., — ) is represented by the 
free A-bimodule generated by the space V* . Thus, we find 

nl^{A) ~ A ® V^* ® A ~ A(g)(e,>o T'{V*)) ~A(E)A, 

Hence, for any p> 1, we obtain 

nP^M) = T^^iciA) =A(g)V*(g)A(g)...(g)V*(g)A {p factors V). 

Observe that the assignment ai (g) wi (g) . . . (g) Up (g) a^+i 1 — > ai * ui * . . . * Vp * ap+i gives 
an imbedding T^ri^(.(A) > A* A {— free product of two copies of A). Further, 
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an clement of the form . . . wi (g) 1^ (g) W2 1a (X" ■ ■ • (X" I'm <8i • • • goes under this 

imbedding to the element . . . * {vi V2 ■ ■ ■ Vm) * Thus we deduce that the 

imbedding above yields a graded algebra isomorphism 

n'^M) A*A = T{V*)*T{V*), 

where the grading on the left-hand side corresponds to the total grading with respect 
to the second factor A = T{V*) on the right-hand side. 

To describe DR°(A), it is instructive to identify A = T{V*) with k(xi, . . . , a;„). 
Then, A may be viewed as k- vector space whose basis is formed by all possible words 
in the alphabet formed by the Xj's. The algebra structure is given by concatenation 
of words. Further, let Acydic C A be the k-lincar span of all cyclic words. It is clear 
that the composite map ^cyclic ^ A -» A/ [A, A] is a bijection. Thus, we may 
identify 

DRO(A) = R{A) = A/[A,A] = Ayciic 

via this bijection. 

It is more difficult to analyze the k*'^ degree of DR(A) where A; > 0. In general 
we can only identify it as some quotient of A TV. However, in the particular case 
fc = 1, we find that 

DRi(A) = nl{A)/[nl{A),A] y*, 

as a complex vector space, since no other combinations of f2j^.(j4)'s in the "denom- 
inator" will yield degree one. 

So, for all X G V*, we have an element da; = 1 (g) a; e DR^(^). Similarly, for 
every v gV, we have dy : DR°(A) A given by 

dvif) = df{v) 

for aU / e DR°(A) = R{A) = A/[A,A]. If .x, is a basis of V* and is the 
corresponding dual basis of V, consider the map d which sends every / g DR°(A) 
to 

Eg^^dxj, 

where we write -rp-r = d^j . 

Example 14.2.1. Let dimjt V = 2, and equip V with symplectic basis x and y and the 
standard symplectic 2-form dx A dy. Let us calculate the Poisson bracket {/, g} of 
two elements of R{A), where A = TV. View an clement / e R{A) = TV/[TV,TV] 
as a cyclic word in x and y. We have already seen that DR^(A) = A i^i V, so 
we can write df = fx ® x + fy ® y, where fx,fy € A. This defines two maps 
-§^,^'- R(^) — * the partial derivative maps, given by 

— : /^/,mod[A^] and —: f ^ fy mod [A, A]. 

ox ay 

Now, the correspondence A ®V = DR^(^) Der(A) = A®V* given by 
the symplectic structure lo G DR {A) is nothing more than the canonical map 
A (g) y — > A (g) y* that is the identity on A and given by the identification y ~ y* 
given by the symplectic structure LOy on V . Hence, 

e = —X* + —y* 
dx dy ' 
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where a;*, y* is the basis dual to x, y under the correspondence induced by ojv (that 
is, x*{v) = i^{x, v) for all v G V, and similarly for y*). Then 

{f,g}^efidg) 

'df , , df_ 



dx 



dy 



y 



—x+ — 

dx dy 



df dg dg df 

--u;yix,y) + --uviy,x) 



Since ujy = dx A dy, LUv{x,y) — 1 and ujviyTx) = 
formula 

{/ g} = — — - — — 

' dx dy dy dx 



-1. So we get the familiar 







The next Proposition gives a non-commutative analogue of the classical Lie 
algebra exact sequence: 







constant 
functions 



symplectic 
vector fields 



regular 
functions 

associated with a connected and simply-connected symplectic manifold. 

Let Lu — J2i dxi iS" dyi. This is a symplectic structure on A = T{E*). 
Proposition 14.2.2. There is a natural Lie algebra central extension: 
— > k — > A/[A,A] — > Der^(A) — > 0. 



Proof. It is immediate from Lemma |14. 1.31 and Theorem 1 1 1 . 4 . 7| that for the map: 
f ^ Of we have: Ker{A/[A, A] — > Dercj(A)} = Ker d. Further, by Theorem 
111.4.71 we get: Ker d = k, and every closed element in DR^A is exact. This yields 
surjectivity of the map: A] Der(^(A). □ 



15. KiRILLOV-KOSTANT BRACKET 



In this section, we fix a finite-dimensional Lie algebra g over k. We are going 
to define a Poisson bracket on the polynomial algebra k[0*] = Sym(0). 

15.1. Coordinate formula. Fix a basis ei,...,e„ of g, and let c^!^ denote the 
structure constants for this basis. That is, for all i,j = l,...,n, we have that 

Since g is finite-dimensional, it is isomorphic to its second dual. So, each 
gives rise to a linear functional on g*, which we denote by Xi (that is, for all (f G q* , 
Xi{(p) — (p{ei)). Now, we can identify Sym(g) with the polynomial algebra k[0*]. 
Then if V' G k[fl*], we have that 



4'} 



E 



dxj dxi 



Notice that in this case the Poisson bracket reduces the degree by 1 (that is, 
deg{ip,ijj} = degtp + degip — 1) since two derivatives are taken and a factor of 
Xk is multiplied in. In the Poisson bracket associated to the Weyl quantization, the 
degree is reduced by two because no factor of Xk is introduced. 
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There is also an explicit coordinate free way of writing the Poisson bracket. To 
this end, it is convenient to use the Sym(0)-realization of our algebra. Specifically, 
given two monomials a = ai • • • a„ e Sym" g and b ~ bi ■ ■ - hm & Sym™ g, we have 

{a, 6} = ^ [fli, fcj] • ai • . . . • fli • . . . • a„ • &i • . . . • &j • . . . • 6,„. (15.1.1) 

15.2. Geometric approach. Choose two functions (p,4' ^ ^[g*] (or even two 
smooth function on g*). Fix some A € g*. Then dx^ and dxip are linear func- 
tionals from T\q* ~ g* to k. Since g is finite-dimensional, we identify g and g**. 
By abuse of notation, we let d\ip denote the element of g corresponding to the 
linear function dxip on g* under this identification. Then we set 

{ip,i;}i\)^{X,[dxip,dx^P]). (15.2.1) 

That is, we take the elements dxcp and dxip of g and compute their Lie bracket. We 
then evaluate the linear functional on g* associated to this element of g on A. 

15.3. Symplectic structure on coadjoint orbits. Let G denote any connected 
Lie group such that g = Lie(G') (in the future, we will call this a Lie group associated 
to g). Consider the adjoint action of G on g. By transposing, this gives rise to the 
coadjoint action on g*. We can then decompose g* into the disjoint union g* = UO 
of G-orbits. 

According to a theorem of Kirillov and Kostant, every coadjoint orbit O admits 
a canonical symplectic structure. Explicitly, for any A g Ok we have a natural 
isomorphism TxO — g/g(A), where g(A) denotes the Lie algebra of the isotropy 
group of the point A. Define the pairing 

0/0(A) X g/g(A) ^ k by {x,y) ^ {X,[x,y]), Vx,2/eg. (15.3.1) 

Proposition 15.3.2 (Kirillov-Kostant). The pairing above descends to a well- 
defined skew- symmetric 2- form loq on the coadjoint orbit O. □ 

The symplectic form wo gives rise to a Poisson bracket {— }o on the space 
of fmictions on the orbit O. Since g* is the disjoint union of the O's, the formula 

{'PjV'IIo = {'/'IojV'Io} for any coadjoint orbit O C g* 

defines a Poisson structure on the whole of g*. It is clear from (|15.3.1|l that this 
Poisson structure is nothing but the one given by formula 1)15.3.1(1 . 

Example 15.3.3. Let E' be a finite dimensional vector space and g — Endii' the Lie 
algebra of endomorphisms of E with the commutator bracket. The trace provides 
an invariant bilinear form on g, and this allows us to identify g with its dual g*. 
Each conjugacy class O C g becomes a coadjoint orbit in g*. For p G O C g, the Lie 
algebra g(p) is nothing but the centralizer of p in q = Endi?. Thus, Kirillov-Kostant 
2-form on the tangent space at p is given by 

: O/Ob) X fl/flW ^ Ik, {x,y) ^TT{p-[x,y]), Va;,yeg. 
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We now give an interesting example of a noncommutative Kirillov-Kostant 
structure. Let A = k[e]/(e^ — e) = kl ke. It is then possible to calculate nl^^{A) 
and DR(A) concretely. In particular, we find that 



W{DR{A)) = 




if is even; 
if j is odd. 



Let Lo = edede ^ Vi^^{A). be a noncommutative 2-form on A. 
Lemma 15.3.4. The pair {A^lo) is a noncommutative symplectic structure. □ 

This symplectic structure may be thought of as a 'universal' noncommutative 
Kirillov-Kostant structure. Indeed, fix a vector space E of dimension dim E = n, 
and let Rep;^ denote the variety of all algebra homomorphisms A Endj^ E. of A. 
Each representation is uniquely determined by the image of e, which maps to some 
idempotent, whose image has some rank. So, we can write 

Rep^ = IJ {p = e EndE' | dim(Imp) = fc} = |J Ofc C EndE', 

fc<n A,'<n 

where each Ofc denotes the conjugacy class (under GL{E)) of idempotents with 
rank k. It is not difficult to see that the canonical map DR^(yl) — > Q,^^^{Rep^) 
sends e de de to the ordinary Kirillov-Kostant form fProDOsition ll5.H"^ on , k — 
0,1,2,.... 

15.4. The algebra Oa- Let A be an associative algebra, and as usual let R{A) = 
A/ [A, A], which is a vector space. It is sometimes useful to form the commutative 
algebra Oa — SymR(A). Consider Rep;^, the variety of all representations of A 
on the vector space V. Then we have defined a map R{A) k[Rep^], which we 
denote by a i-^ Tra. Extend this to a map Oa k[Rep;^]. 

Suppose now that A has a noncommutative symplectic structure lu. This makes 
R{A) into a Lie algebra, as we have seen before. Then Oa = SymR(A) becomes a 
Poisson algebra with respect to the Kirillov-Kostant bracket H15. 1.1(1 . 

15.5. Drinfeld's bracket. This section is taken from Drinfeld's paper |Dr| . 
Let a be a Lie algebra. Define 

R(a) = a (g) a/k-span of{{x y — y <S) x,[x,y] iS) z — x [y, z] \ x,y, z & a}). 

As the notation suggests, R(a) is meant to be a Lie analogue of R{A) for an 
associate algebra A. The set we are quotienting out by is meant to reproduce 
the key properties of the span of the commutators [A, A] in the definition of R{A) 
for A associative. Indeed, there is a striking similarity embodied in the following 
observation. Suppose is a linear functional R(a) k. Then this induces a 
symmetric invariant bilinear form. Simply define T^p: a x a ^ J& hy T^{x,y) = 
ip{x®y). Then T^{x,y) = T^{y,x) and T^{[x,y],z) = T^{x,[y,z\) both follow 
directly from the definition of R(a). 

This is analogous to the associative case. Suppose we are given a linear func- 
tional Tr: R{A) k (here A is associative). Then this induces a symmetric bi- 
linear form (a, a') = Tr(aa'). Indeed, since R(^) consists of all cyclic words in 
A, (a, 6) = Tr(a6) = Tr(6a) = (6, a). It is also clear that (a6,c) = Tr((a5)c) = 
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Ti{a{bcj) — {a, be). So, we see that the second condition in the definition of R(a) 
replaces associativity. 

Let us apply these considerations to the case where a is the free Lie algebra 
on m generators Xi,. . . , Xm ■ Then R(a) can be realized as pairs of words {wi ,102), 
where each wj is composed of "Lie expressions" in the Xj's. That is, each wj is a 
nested collection of Lie brackets of various generators Xi. 

Claim. R(o) has a natural Lie algebra structure. 

Indeed, the Lie algebra structure is a noncommutative version of the Kirillov- 
Kostant Poisson bracket on Sym(0), where g is a Lie algebra with a nondegenerate, 
invariant inner product (— , — ). In this context, Sym(g) plays the role of R(a). 

As mentioned, we let be a Lie algebra with nondegenerate, invariant inner 
product (— , — ). This inner product induces an isomorphism g x g ~ g* x g*, which 
is the Lie algebra associated to (g x g)*. A pair of Lie words in g then yield a 
formula for a Lie word in the Lie algebra Lie((g x g)*) via this isomorphism. This 
rule determines a formula for a Poisson bracket {— , — } on R(o). 

We now define maps : R(o) R(a) in the following way. Let / = {wi,W2) 
be a pair of Lie words in the basis x„ of a-this is the form of an clement of R(a). 
Consider the substitution xj xj + z. This yields some expression in z and the 
Xj^s, and take the ^;-linear part of it. Using the properties of R(o), we can rewrite 
this linear part as 

where is a word in the Xj's. This word is defined to be 

Lemma 15.5.1 (Poincare Lemma). Let f G R(ci), and Pi, . . . ,P„ G R(a). 




0. 



(ii) UJ2^=i ) -Pj} = 0) ^'^sn there exists f € R(a) such that Pj = 

16. Review of (commutative) Chern-Weil Theory 

16.1. Let g be a finite-dimensional Lie algebra. Then the exterior algebra Ag* is 
equipped with a differential d of degree +1. This differential is called the Koszul- 
Chevalley-Eilenberg differential, but we will usually shorten the name to the Koszul 
differential. The Koszul differential is defined on A^(g*) by d{\){x,y) = X{[x,y\). 
It is then extended to all of A(g*) by the Leibniz rule. Consider the Weyl algebra 
of g, namely 

M^(g) = Sym(g)*(g)Ag*. 

Thus W{q) is a super-commutative algebra, a tensor product of a commutative 
algebra (Sym(g)*) with a super-commutative algebra (Ag*). We wish to equip 
W{q) with a differential. To accomplish this, consider the graded Lie super-algebra 
= 00 ® 0-1) where 0o = 0-i = as vector spaces, and the subscript indicates the 
degree of each component. The Lie super-algebra structure is given in the following 
way. We set [x, t/]g = [a;,y]g(, for all x,y £ Qq. We declare 0_i to be an abelian 
subalgebra, that is, [2:,«^]g = for all z,w G 0_i. So, we need only define [a;, w]g. 
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where a; G go and w G g_i. Define a map d: q ^ Qtohe zero on go and the identity 
isomorphism 0_i — > go- Then define [a;,t«]g = [xjdwjg^. 

With g defined as above, we find that 

A(r) = Sym(0)* O Ag* = W{q). 

Indeed, this is an isomorphism of graded algebras, if we give W{q) the grading 

Wn{Q)= Sym^'(0*)®A«(fl*). 

n—2p+q 

So, if A: — » k is a hnear functional, its image in Sym(£|)* has degree two, while its 
image in Ag* has degree one. We can use the identification W{q) = Ag* to define 
a differential on W{q). Let d: Ag* Ag* denote the extension of the transpose 
of the map 9: g — > g defined above, and let d: Ag* — > Ag* denote the Koszul 
differential on Ag*. Then wc define dw = d + d. 

A useful alternative picture of g is provided by the following. Define Qe = 
g (g) (k[e]/ (e^)) = g ® eg. Clearly, g corresponds to go and eg corresponds to g_i in 
g. Define 9^ : g^ — > g^ by de{e) = 1 and de{x) = for all a; e g ® {0}. 

Remark 16.1.1. Notice that formally, = 

Clearly, (g^, d^) is isomorphic to (g, d), and we will from here on identify these 
two constructions. 

Proposition 16.1.2. For the cohomology of the complex {W{Q),dw), we have 



H^{W{q)) = 




ifj = 0; 
if 3 > 0. 



Proof. Since dw = + 9 is a s\im of two anti-commuting differentials, wc may 
view (H^(g) , d+d) as a bicomplex. Therefore, we can compute the cohomology of 
the total differential via the standard spectral sequence for a bicomplex. Now, the 
differential d is induced, by definition, by the differential on g, which is the identity 
map id : g ^ g, by definition. The two term complex g ^ g, given by this latter 
map is clearly acyclic. It follows that the induced differential d : W{q) — > W{q) 
is acyclic as well. Hence, the spectral sequence implies that the total differential 
dw = d + d has trivial cohomology in all positive degrees. □ 

We now introduce a useful piece of notation. Let A e g* be a linear functional. 
Then we can view A as both an element of Sym(g*) and an element of Ag*. We 
denote the image of A in Sym(g*) by A+, and its image in Ag* is denoted by A_. 

Clearly, the elements A_|- and A_ generate Sym(0*) and Ag*, respectively, so if 
we can calculate the action of dw on them we have a complete description of dw 
on W{q*). Indeed, we find that 

dwX- = A+ + A_ ([-,-]) e Sym^ g* ® A^g* = W2(g), 

and 

n 

dw^+ = ad* Xj (A) (g) Xj, 

i=i 

where {a;i, . . . , a;„} is a basis of g, and Xj is the dual basis of g*. 

Using this characterization of W{g) and dw, we are able to deduce the following. 
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Proposition 16.1.3 (Universal property). If D is a super- commutative DGA, and 
ip: Q* D is a k-linear map, then there exists a unique map of super- commutative 
DGA's (fiw ■ W^(fl) ^ D such that ip — (PwIa'^b*- 



Proof. Extend (p to (f: Ag* ^ Z? as an algebra map. Notice that ip will not, in 
general, commute with the differential. But it is then possible to extend p to 
Sym(g*) so that it kills this difference. This extension ipw then commutes with 
differentials, and is the desired extension. Uniqueness is clear. □ 



For all a: S fl, we define the Lie derivative with respect to x, J/fx ■ W{q) 
W(fl) by Lj; = ad* x. This is a super-derivation of degree zero. We also define 
contraction ix- W{g) W{q) by ix{f) — for all / S Sym(g*) and ixOi is simply 
the contraction of a by x for all a £ A(fl*). Notice that this is a degree —1 map 
(hence it should be zero on Sym(fl*) since these have only even degrees in W{Qj). 
Indeed, ix is a super-derivation. 

Proposition 16.1.4. The Cartan formula holds on W{g), that is, 
J^x — dw ° ix + ix ° dw, for all x £ q. 



Proof. This is immediate to verify on the generators of ^(fl). The result then 
follows from Lemma [3. 3. 21 □ 

Definition 16.1.5. An clement u G W{q) is basic if .^xU — ixU — for all x £ q. 

We let iy(g)basic denote the set of all basic elements of W{q) 

Lemma 16.1.6. iy(0)basic = (Sym(g*))f, where q acts on Sym(0*) hy ^x- 



Proof. Both .5Cx and ix vanish on (Sym(0*))£' by definition for all x £ q. Conversely, 
ixCi — for all x e fl and some a e Afl* forces a = 0, hence n^eg -'^^''^a: 
Sym(fl*). □ 



16.2. Connections on G-bundles. We will now place the Weyl algebra in a geo- 
metric context. Suppose we have a principal G-bundle 



where G, P, and M are all connected, G is a Lie group, and the Lie algebra of 
G is g. A connection on P is a fl-valued 1-form V on P, i.e., it is an element of 
ri^(P) ® 0, satisfying 

• V is 0-equivariant with respect to the diagonal action on ri^(P) and fl, i.e., 

■^xV = 0; 

• For each x G fl, let be the vector field on P associated to x by the 
G-action. Then V(^x) = x. 

We call an element of Q,' (P) basic if = ix^ = 0. We then have the 

following lemma. 

Lemma 16.2.1. Assume the group G is connected. Then, the pullback along the 
bundle map yields a canonical isomorphism ri'(P)basic — ^'{M). 
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Proof. It is clear that a differential form on the total space P descends to a well- 
defined differential form on M if and only if it is G- invariant, and annihilates all 
vectors tangent to the fibers of the bundle projection. But if G is connected, the 
G-invariance of a is equivalent to ^xC( = 0, for any x G Q. □ 

We observe further that a connection gives rise to a linear map : Q* — > 
n^{P). Namely, $^(A) = Ao V. 

By the universal property of W(0), extends to a DGA map ^^r^. W{q) 
Q' (P). By the connection conditions placed on V, we see that commutes with 

J^'x and ix- So, 

*^(W^(fl)basic) C l^"(P)basic ^ ^'{M). 

But $^(l^(0)basic) = $^((Sym(0*))0), and (Sym(0*))B k[g]^. The map is 
called the Chern character map. We will also denote this map by ch. 

Definition 16.2.2. Let V be a connection. Then the curvature of V, ^(V) is 
defined by 

if(V) = dV + ^[V, V] e 1^2(P) ® 0. 
If V = J2^=i ^3 ® ) then 

n n ^ 

[V,V] =^^z/j Ai/feO [a;j-,a;fe] and -[V,V] = ^ uj Avk'Si[xj,Xk]. 

j=l k=l l<j<k<n 

It follows from the definition of curvature and the Chern character that for all 
AG0*,ch(A+) = Aoii:(V). 

Next, we consider the ideal (Sym^(0*) (g) 1)1^(0) of W{q). For simplicity, we 
let 0^i_ = Sym^ Q* ® 1 d W{q). Since ^^^(0+) C g+W{Q), we see that Q+W{q) is a 
differential ideal of W{q). 

Definition 16.2.3. The Hodge filtration of W{q) is a decreasing filtration W{2) 3 
g*+Wi5) D . . . D FP-^W{g) D FpW{q) given by 

F^WiQ) = (0;)W(0). 

Notice that W{g)/F^W{Q) = A0* C W{q). 

Lemma 16.2.4. For each p, 

H^p{FPW{q)) = {SymPg*)'- 

16.3. Transgression map. The short exact sequence 

^ F^Wig) ^ 1^(0) ^ W{g)/F'W{g) ^ 

gives rise to a long exact sequence in cohomology. Recall that the cohomology 
of W{g) is the cohomology of a point (i.e., k in degree zero, and zero elsewhere). 

The inclusion of ^^1^(0) C F^W{g) yields a homomorphism H'^P{FPW{g)) ^ 
H'^P{F'^W{g)). Recalling that H^P(FPW{g)) = (SymP0*)B, we obtain the exact 
sequence 

(SymP0*)0 ^ H'^P{F^W{g)) H^P-'^{W{g)/F^W{g)) = H^p ' {Ag* , d) , 
where d denotes the Koszul differential. 
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But then i/^P^^(Ag*, d) is isomorphic to the 2p — 1-Lic cohomology of q, 
i?Lfe~^(s)) which is isomorphic to H'^p~^{G). It is well know that the cohomol- 
ogy of G can be calculated using only invariant differential forms on G. 

A geometric meaning behind this can be found by considering the universal G- 
bundle EG BG. Then EG is contractible, and W{q) ~ Vt' {EG) and W^basic(s) - 
O" {BG). Then the 2p-cohomology of F^W{q) is calculating H'^p{BG), so we obtain 
a homomorphism H^p{BG) H^p-^{G). 



16.4. Chern-Simons formalism. Let D be a DGA, with differential d: D" —^ 
£)n+i -yy-g R{D) = D/[D, D], where [— , — ] here denotes the super-commutator, 
i.e., 

[x,y] (-l)(^<=s:';)(dogy)y^^ 

Then d descends to a super-differential d on R{D). Fix any a £ D^. We define its 
curvature F := da-\- a?. 

Proposition 16.4.1 (Bianchi Identity). With D, a, and F as above, the following 
identity holds in D: 

{d + &da)F = 0. 

Proof. Observe that dF = d{da + a"^) = 6? — ada + da - a = ada + da - a. Also, 

{sAa)F = [a,F] = aF - (-l)(dega)(degF)^^ 

= aF - Fa = a{da + a^) - {da + a^)a 
= a da — da - a. □ 



Using the Bianchi identity, we see that in R{D) we have 

d(F") = -[a,F"] =0, 

since all super-commutators are zero in R{D). Hence the elements are cocycles 
in R{D). 

Consider the algebra D[t] = D i^h[t]. Take an element at € D^[t] = <^W(t]. 
Define Ft = dat + a|, the curvature of at. Then a simple computation shows that 



d fFp 



dt \ n\ 



^d 



1 



{n-l)\ dt 



In particular, take at — ta. Then Ft = tda + t^a^. Then we can integrate the 
above equation in t. Indeed, this yields that 



— = rfcs2„-i(a), 
n! 



where 



cs2„-i(a) 



1 pn-l 

a—^ -dt. 



(n-1)! 

The element cs2n-i(a) is called the 2n — 1- Chern-Simons class of a. The map 
^ I— > cs2ra-i(a) is a trangression map. 
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16.5. Special case: q = g[„. Let G ~ GL„. Then, giving a principal G-bundle 
P AI is the same thing as giving an ordinary vector bundle on M. Let V be a 
connection on P. Then we define chf. ~ ^Tt{K{W)'^), which is 

chfe = lTr((dV + i[V,V]f). 

Now, suppose that Vo, • . • , Vat are + 1 connections on the same bundle P. 
We wish to show that chk is independent of the connection used. This will follow 
essentially from the fact that the space of connections is convex. Let A be the 
standard A^- simplex in R^+^, that is, 

n 

j=o 

For each t £ A, define V(t) = 'l2jLo^j'^ i ■ ^ow, it is a well-known fact that a 
connection Vj may be written in a local trivialization of P as a sum of the usual 
differential and a matrix of 1-forms, Vj = d + Aj. Define 

ch^(Vo,...,Vw)= / Tr(X(V(i))'=)dt. 

J A 

This is a complicated expression in Aq, . . . , An and dAo, . . . , dAn- 

16.6. Quantized Weil algebra. Let (g, B) be a Lie algebra equipped with an 
invariant, nondegenerate bilinear form B : g x g ^ k. Then this form induces a 
canonical isomorphism g ~ g*. In the standard Chern-Weil theory, we set 

W{q) ^ Symfl(g) Ag. 

(The above formula is correct, since g ~ g*.) 

Following Alekseev-Meinrenken |AM| . we would like to 'quantize' the algebra 
W{g) by replacing Symg by the universal enveloping algebra and Ag by the Clifford 
algebra Cliff g. Recall that 

Cms = T5/ixy + yx~2Bix,y)). 

We set 

= C/g^Cliffg. 

It turns out that #'(g) has a differential. It is this algebra that acts as the quantized 
version of ^^(g). 

This quantized Weyl algebra is connected to the work of Alekseev-Meinrenken 
in the following fashion. Consider the family of Lie algebras gt, where gt = g as a 
vector space and [x, y]t = t[x, y] for all x,y € Qt- Define 

Then #t(g) is a flat family of DGA's, and #0(0) — M^(0)- Based on our previous 
work with deformations of associative algebras, we conclude that the family #t(g) 
induces a Poisson bracket on W{g) making it a Poisson DGA. 

Let A S Sym^(g) C W{q) be the canonical element corresponding to the inverse 
of the nondegenerate bilinear form i? on g. 

Using the deformation argument above, one proves 
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Theorem 16.6.1. An invariant, nondegenerate bilinear form on g gives rise to a 
Poisson (super) algebra structure {— ,— } on W{q) such that 



17. NONCOMMUTATIVE ChERN-WEIL THEORY 

17.1. In the previous section, we discussed quantized Chern-Weil theory, which 
could be considered a part of noncommutative geometry "in the small." That is, 
it is simply a deformation of the usual Chern-Weil theory. We now want to begin 
with a noncommutative algebra which will replace the Lie algebra g. 

Let A be a (possibly noncommutative) associative algebra. Let A* denote the 
dual of A. This is a coalgebra, with comultiplication map A: A* ^ A* (g) A*. For 
the sake of simplicity, we will use the Sweedler notation, that is, we write 

A(A) = ^A'® A" 

for aU XeA*. 

Following the paper P, we define Wnc{A) ^ T{A*^ ® A*_), where A'^ = A*_ = 
A*. We make Wnc(^) graded algebra (under the usual multiplication for the tensor 
algebra) by taking 

Wnc{A)p (A;)®" ® (Al)®™. 

Define a differential dw on Wnc(^) by 

dwX- = A+ + ^ A'_ (g) A'i and dwX+ = ® ^- ~ ^- ® ^+)- 

As usual, A is a linear functional in A*, and A+ (respectively, A_) represents its 
image in A'!^ (respectively A*_). This differential makes VFnc(^) a DGA. 

Similarly to the construction of Bar-complex as a free product, it is sometimes 
useful to have the following alternative definition 

Wnc{A) ^T{{A,)*), where A, := A(g)k[e]/{e'^). (17.1.1) 

Let d: Wnc{A) Wnc{A) be the k- linear map sending e i-^ 1 and 1a 0. Define 

dw — d + S, 

where S is essentially the differential dual to the multiplication map, as before. The 
two differentials d and S anti-commute, hence dw°dw = 0. Observe that, in the 
presentation H17. 1.1(1 . the differential d can be suggestively written as d = d/de. 

As in the commutative and quantized cases, there is a Poincare lemma for 
WUA). 

Lemma 17.1.2. The cohomology of the complex (Wnc{A),dw) are given by 




tfj = 0; 
iff > 0. 
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Proof. Suppose that the muhiphcation on A is trivial Then it is easy to see that 
{Wnc{A)) is zero for j > 1, and k for j = 0. This foUows, since the differential 
d]Y involved the transpose S of the multiplication map, which would also be zero. 

We construct an isomorphism of DGA's from {Wnc{A),dw) to {Wnc{A),d), 
where d is the differential given when the multiplication is trivial. Indeed, observe 
that Wnc (A) is independent of the multiplication on A. The map is given by 

(W„c(A) , dw) (W^ciA) , J) , A_ ^ A_ , A+ ^ A+ + ^ A'_ ® 

It is easy to check this is a DGA isomorphism. 

An alternative proof of the Lemma can be obtained as follows. It is clear that 
the two term complex d/d^ : eA* A* has trivial homology. Thus, the spectral 
sequence associated to the bicomplex given by the differentials d and d implies the 
result. □ 

Lemma 17.1.3 (Universal Property). Given a DGA D and a k- linear map if . A* 
D, there is a unique extension ipw '■ W^nc(^) ^ D such that (pw\A-' = 

As usual, we set RWnc{A) = PFnc(^)/[Wnc(^), Wnc(^)], where the commuta- 
tors are graded. This still has trivial cohomology (i.e., the cohomology of a point). 
The same calculation as before suffices- we simply take A to have the trivial product. 

Theorem 17.1.4 ( C ). There exists a canonical transgression map 

W{R{FPWUA)))—^H^'\KW,,M)IFPW,,M))) ■ 

Definition 17.1.5. Define /+ = Wr,c{A)A\Wr,c{A) C W„c(A). Then this is a 
differential ideal of Wnc(^), i.e., dl+ C /+. The Hodge filtration of I1/nc(^) is given 
by FPW„c(A) 

17.2. Example: case A = k. In this case, VFnc(^) is the free algebra with gener- 
ators a in degree one and da in degree two. Extend d by the Leibniz rule to be a 
super-derivation of T(ck, da) such that = 0. Let F = da + c? . Then one finds 
that dF = ~\a,F\. On W„c(^), we have the Hodge filtration FPW„c(A), the two- 
sided ideal generated by terms involving da at least p times. As before, one sees that 
5(i^PW„c(^)) C W„c(A). Finally, we consider the algebra R[W,,^{A)I Fi'W^^{A)). 

Theorem 17.2.1. Let W {R{W^^(^A) j F'^W^^^A))) denote the cohomology oj the 
complex 

R(W^nc(^)/-F^W^nc(^)) with differential dw = d + d (where d is the differential 
dual to the multiplication). Then H' {R{WnciA) / F^WndA))) has a k-basis formed 
by the Chern-Simons classes cs2n-i for n> p. 

Proof A k-basis of R{WnciA)/FPWnciA)) is given by a^''-\ k > 1, and (daf, 
1 < £ < p. Calculating the 5-cohomology, we see that a^''~^ transgresses to {da)'' 
for 1 < k < p — 1. The remaining a^'^~^'s are sent to the Chern-Simons classes, 

CS2fc_l (fc > p). □ 
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17.3. Gelfand-Smirnov bracket. We fix a finitc-dimcnsional associative algebra 
A equipped with an invariant trace Tr: A — > k, that is, Tr(aia2) = Tr(a2ai) for all 
ai,a2 & A. Write A g SyTc?{A*) for the canonical element corresponding to the 
bilinear form, i.e., such that B{x^ y) — (A, x (g) y), for any x,y € A. 

The following result is a noncommutative analogue of Theorem ll6.6.1l 

Theorem 17.3.1. If the trace pairing ai x a2 ' — > Tr(aia2) is non- degenerate, then 
the graded vector space R(Wiic(^)) has a canonical Lie super-algebra structure such 
that 



Hint of Proof: The trace pairing on A induces an isomorphism of vector spaces 
A A*, a 1-^ Tr (a •(—)). Hence, we get an isomorphism K : A® A A*(BA*. 
Further, the trace pairing also gives rise to a non-degenerate skew-symmetric k- 
bilinear 2- form lo on the vector space A(B A defined by the formula 



Transporting this 2-form from A (B A to A* A* via the isomorphism k makes 
A* ® A* a symplectic vector space. Therefore, the tensor algebra T{A* © A*) 
acquires a natural structure of noncommutative symplectic manifold, see Example 
114.1.51 Thus, we get a Lie bracket on R{T{A* © A*)). 

Now, the algebra Wnc{A)) is just T{A* (BA*), as an associative algebra. So, the 
above construction can be adapted, by inserting suitable signs (due to the fact that 
the first copy A* C Wnc{A) is placed in degree 1 and the second copy is placed in 
degree 2), to produce the required Lie super-algebra structure on R(Wnc{A)y □ 

Gelfand and Smirnov considered in |GeSm| a very special case of this situation 
where A = k © • • • © k {n copies) is a semisimple algebra equiped with the natural 
trace Tr : (xi © • • • © a;„) i — s- J2i ^i- 

It is clear that for A = k © • • • © k, one has 



is the free graded algebra on 2n generators, oi, . . . , a„ and 6i, . . . , 5„ where deg aj — 
1 and deg6j = 2. 

The differential dw is a super-derivation such that on generators we have 
dw{cij) — bj, and dwib) — 0. 



Set R-{Wnc{A)) = Wnc{A)/[Wnc{A),Wnc{A)], where [Wnc{A),Wnc{A)] is the 



linear span of all super-commutators of elements of Wnc(^), and the grading on 
the RHS is induced from that on Wnc{A). We can view R(Wnc(^)) as all cyclic 
words in a^'s and bj's (where degOj = 1 and deg&j — 2). 

Define maps R{W^c{A)) R{W^ciA)) in the following way. Choose any 
word xi ■ ■ ■ Xk in VFnc(^). Set Sa^ (xi ■ ■ ■ Xk) to he X2 ■ ■ ■ Xk if xi — aj and zero oth- 
erwise. Then gf-(a;i ■ ■ - Xk mod [Wnc(^), Wnc(^)]) is defined to be the sum of Sa^ 
applied to all cyclic permutations of xi • • • x„. Maps ^ : R{Wnc{A)) R(W^nc(^)) 
are defined analogously. Then set 



dw{u) = ^{A,u}, Vu e R(W„c(A)). 



(a ©a') X {b®b') 



Tr(a6') - Tr(a'&). 



Wnc{A) = k(ai, . . . ,a„,6i, . . . , 



bn), 
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Proposition 17.3.2. (i) The above map 

{-,-}: RP{WnM)) X R'(M^„c(^)) R^+"-'iW^,{A)) 
is well-defined, and gives a Lie super-algebra structure on R(Wnc(^))- 

(ii) The above bracket is equal to the one arising from Theorem \17.3.1\ in the 
special case A = k © • • • k. in particular, 

(iii) The differential d on Wnc(^) descends to a well-defined Lie (super) algebra 
super- derivation of R(Wnc(^)) such that, for all P € R(Wnc(^)), one has 

dP = {bl + --- + bl,P}. 

Assume, for simplicity, that n = 1, so W^nc(^) ~ k(a, 6), where b — da. If a were 
giving a connection on a bundle, then we would consider the quantity da -\- a^ — 
& + a^, which is the curvature of the connection. This motivates the following 
definition 

Definition 17.3.3. For Wnc(^) = k(a, b) as above, define for each k — 0,1 . . . 

chfe = (a2 + 6)'= e R(W„c(A)). 

Then we have the following lemma. 
Lemma 17.3.4. The following identities hold in R(Wnc(^))- 

(a) d(chfc) = 0. 

(b) {chfc,ch,} = for all k,l £ NU {0}. 

By the Poincare lemma for R(Wnc(^)), every closed element of R(Wnc(^)) of 
degree > is exact. Hence, there is some element chj^, € R(Wnc(^)) such that 
d{ch.f.) = chfc. Indeed, an explicit formula for chj, can be found. To simplify 
its expression, we introduce the following notation. For any x,y £ Wnc{A) and 
k,l G NU {0}, we set (Jk,i{x, y) to be (the image under the quotient of) the sum of 
all noncommutative words in elements of VFnc(^) that contains exactly k symbols 
X and I symbols y. Then we have the following result. 

Following [(xeSmj . for each k, set 

k k-1 k + 2 2k -1 

Proposition 17.3.5. For any k, in R{Wnc{A)) one has 

18. Chern Character on if-XHEORY 

18.1. Infinite matrices. Fix an associative algebra A. For each integer n > 1 we 
have the algebra Mat„A of n x n-matrices with entries in A. The assignment 



Mat„^ — > Matn+iA, 







gives an algebra imbedding (note that the unit In G MatnA does not go to l„+i G 
Mat„+i^). We let Matoo(^) ■— hm Mat„^ denote the corresponding direct limit 

n — >oo 

under the "upper left hand corner" inclusions. Thus Matoo(^) is an associative 
algebra without unit that can be identified with the algebra of infinite matrices 
with finitely many nonzero entries. 
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Further, let GL„(y4.) C Mat„j4 be the group of invertible n x n-matrices with 
entries in A. The map 

gives a group imbedding GL„(A) GL„+i(^) (note that this time the map does 
take the imit into unit). We let GLoo{A) := lim GL„(A) denote the corresponding 

n — >oo 

direct limit. Thus GLoo(j4) is a group that can be identified with the group of 
infinite matrices g = \\gij\\ such that the matrix g — Id = \\gij — Sij\\ has only 
finitely many nonzero entries (here Sij denotes the Kronecker delta). 

For i,j € {1, . . . ,n} and a G ^, wc let Eij{a) denote the elementary n x n 
matrix with a in the ij-position and zero elsewhere. 

Also, for any group G, let [G, G] C G denote the (normal) subgroup generated 
by the elements ghg~^h~^ , g,h G G. We will denote ghg~^h~^ by [[g, h]]. 

Lemma 18.1.1. The group [GLao{A),GLoo{A)] is generated by matrices of the 
form Eij (a) where i ^ j. 

Proof. First, observe that 

fl, ifj^fc, z^^; 

[[Ei^{a), Eu{b)]] = I Eu{ab), iij = k,ij^ £; 

[Ekji-ba), if jy^k,i = £. 
It is an easy computation to see that 

^0 x-'^j ~ \0 IJ \-X ij \1 

Hence ( ^ 1 is a product of elementary matrices 

[[Y,Z]] 0\ /F 0\fZ 0\f{ZY)-^ 
IJ \0 Y-^J\0 ^"V V 

Thus, [[Y, Z]] is a product of elementary matrices, hence any element in [GL^oiA), 
GLoc{A)] may be written as a product of elementary matrices. □ 

18.2. The group K°{A). Fix an associative algebra A. Recall that K'^^A) is 
defined to be an abelian group which is a quotient of the free abelian group Z- 
generated by the isomorphism classes [P] of all finite rank projective (left) A- 
modules P modulo the subgroup generated by the following relations: 

[P] + [Q]-[P(SQ]- 

In other words, K°{A) is the Grothendieck group of (the exact category of) finite 
rank projective ^-modules, equipped with a semigroup structure by direct sum. 

Each finite rank projective A-module P is a direct summand of a free ^-module 
A", that is, one has an A-module direct sum decomposition A" = P © Q. The 
projection to P along Q gives a map A" = P(BQ — > P ^ A", which is given by 
an n X n-matrix, i.e., by an element e € Mat„A. It is clear that e is an idcmpotcnt, 
i.e., = e. Direct sum of modules corresponds to direct sum of idempotents, where 

'e 0' 
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Let £P{A) denote the set of idempotents in Matoo(^)- We view any n x n- 
matrix as being imbedded into Matoo(^), thus any idempotent e G Mat„^ becomes 
an idempotent in M'At^{A). 

Lemma 18.2.1. Two idempotents e,e' € Matoo(^) give rise to isomorphic projec- 
tive A-modules if and only if e' = geg~^ for some g € GLoo(^)- 

Proof. Let e G Mat„A and e' G Mat^^ be two idempotents such that one has 
an ^-module isomorphism A"e ~ A'^e' . Put Pi = ^"e, Q\ = - e), and 

P2 = ^"e', Q2 = A™(l-e'). Thus, ^" = Pi®(3i, A" = P2 ® Q2, and we arc given 
an isomorphism Lp : Pi P^. We consider the following chain of isomorphisms 



P2 e Qi e Pi e Q2 Pi e Qi e P2 e ^2 ^ ^" e = 

The composite map j\n+m jg g^jj isomorphism, hence, it is given by an 

invertible matrix g G Mat„_|_TO^- It is clear that g~^{e ® Om)g = 0„ ® e', and we 
are done. □ 

We introduce an equivalence relation e e' on ,^{A) by e' = geg~^ for some 
g G GLoo(^), and denote by [e] the equivalence class of e. We define a semigroup 
structure on the equivalence classes of idempotents by [e] + [e'] = [e® e'] and [0] =0. 
This way, one can rephrase the definition of K^{A) in terms of idempotents as 
follows: 

K\A)^{^{A)/^,®). 

18.3. Chern class on K° and K^. Recall that for any associative algebra A there 
is a trace map tr : Mat„A — > A/[A, A] given by 

n 

tr(ay) = ^flii mod [A, A]. 

Since tr(a:y) = tr{yx), we see that if e and e' are equivalent idempotents (suppose 
e' = geg~^), then 

tr(e') = tT{geg-^) = tr(e). 
So, tr descends to a well defined map tr: ^{A)/^ — > A/[j4, A]. Notice that 
A] = DR"(^). This map is additive. 

Proposition 18.3.1. The assignment [e] i — > tr(e) extends to a group homomor- 
phism: 

Co: K°{A) Ker [DR°{A) DR\A)] , 
called the Chern character. 

Proof Additivity of the map is clear. So, we must show that for all [e] E K'^{A), 
Co[e] is a closed form. Indeed, choose some representative e G Mat„A. Then e"^ = e. 
Applying d to both sides yields ede+ {de)e = de. This way, one proves 

ede = de{l — e) and {de)e = (1 — e) de. 

Therefore, we calculate 

tr(erfe) = tr(e^ de) = tr(e(rfe)(l - e)) = tr((l - e)e(rfe)) = 0, 



99 



since (1 — e)e = e — e^~e — e^O. Similarly, we see that tr((l — e) de) = 0. So, 

tr(de) = tr(e de) + tr((l - e) de) = 0. 
Clearly, tr and d commute, so Co([e]) is closed. □ 

Next, we define 

K\A) := GL^{A)/[GLoo{A),GLoo{A)]. 
We are going to construct a Chern character for K^{A). 
Proposition 18.3.2. There is a natural group homomorphism 
ci : K\A) Ker [dr1(A) A . 

Proof. Choose any [g] e K^{A). Choose some representative g of [g], and define 

= trCg^^dg). 

First, let us check that this is a group homomorphism. Indeed 
tr((5i52)"^rf(ffi52)) = tr[(5i52)"^dgi • 52] + tr[g^^gf ^gi ^52] 
= i^i92^9i^ dgi ■ 92) + tr[g2"^ ^.92] 

= tr[5j-i dgi ■ 5232'^] + tr(.92"^ ^92) mod [GLoo(^), GLoo(^)] 
= tr[5f^dgi] + tr[g2"^ ^^2], 
as desired. Again, Ci[g] is a &-cycle, since 

b [tr(5-i dg)] = tr(.9-\9) - tvigg-') = 0. 

□ 

18.4. Chern classes via connections. Given a finite rank projective (left) mod- 
ule M over an associative algebra A, one can associate to M its de Rham charac- 
teristic classes chfc(M) e DR^''(A), fc = 1, 2, . . . , as follows. 

Choose a direct sum decomposition M ® N — and let e e Mat^A be the 
corresponding projector —* M . Then, one has a well-defined non-commutative 
1-form de € Vl\^{y[&trA). For each fc = 1, 2, . . . , we consider the differential form 

e(de)^'-' e de de . . . de £ f72^(Mat^A), (18.4.1) 

2fc factors 

and the corresponding class in DR^'^(MatrA/MatrIk). Let Tr(e(o?e)^'^) be the image 
of that class under the canonical 'trace'-isomorphism DR^*'(Matryl/Matrk) 
BR^'^iA), cf. Remark [mil 

Proposition 18.4.2. (i) The class Tr(e((ie)^'^) is independent of the choice of 
presentation of M as a direct summand in a free A-module, hence is intrisically 
attached to M . The assignment 

[M] ^ chfe([Af) := iTr(e(de)2'=) £ DR^^{A) 

gives a group homomorphism K'^IA) > DR^'^(A). 

(ii) The class Tr(e(de)2'=) £ DR'^''{A) is closed, i.e., d[Tr(e(de)2'=^)] = 0. 
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Proof. It is clear that if e' — geg^^, g E GLoo(^), is another projector then 
Tr(e((ie)^'^) — Tr(e'(c?e')^'^) , due to the invariance of the trace. Therefore, Lemma 
118.2.11 impUes independence of presentation of AI as a direct summand in a free 
A-module. 

Further, given two idempotents ei, 62 € Matoo(^), we clearly have d{ei ©62) = 
(dei) ® (^62), hence, (ei 62) • (rf(ei ® 62))^'' = ei(dei)2'' 62(^62)^''. Therefore, 
additivity of the trace implies that, for any finite rank projective A-modules P and 
Q, one has chfc([P] [Q]) = chfe([P]) + chfe([Q]). This completes the proof of (i). 

Part (ii) may be verified by a direct computation. Instead of doing so, below we 
will give an alternative, more conceptual, construction of the characteristic classes 
in terms of connections, and then prove an analogue of Proposition I18.4.2f ii^ in 
that more general framework. □ 

Following A. Connes |Coj . one introduces 

Definition 18.4.3. A connection on a left A-module M is a linear map V : M ^ 

flici^) <»A M such that 

V{am) = a ■ \I{m) + da®m, e A,m e M. 

Lemma 18.4.4. A left A-module M admits a connection if and only if it is pro- 
jective. 

Proof. Assume M is projective and write it as a direct summand of a free A- 
module A^ E, for some k-vector space E. Thus there is an A-module imbedding 
i : M ^ A^ E and a projection AiS) E ^ M such that poi — Mm- We define V 
to be the following composite map 

M ^ A®E ""^^ nlM) ®E ^ ^1^{A) ®A {A ® E) ^i^{A) ®a M. 

(18.4.5) 

It is easy to see that this map gives a connection, sometimes called the Grassman- 
nian connection induced from A® E. 

Conversely, let M be any left A-module. Observe that since ^\^.{A) = A® A \s 
a free right A-module, the functor {—)®aM takes the fundamental exact sequence 
— > rij\(.(A) — > A° A ^ to an exact sequence that looks as follows: 

— ^ ^IM) ®aM ^ A® M ^ M — >Q. (18.4.6) 

Here the map j takes da®mioa®m—l® (am), and the map act : A® M ^ M 
is the action map. 

Now, given a connection V : M ^ ^1^^{A) (E)a M, we define a map 

s : M ^ A® M, m 1 — > 1 (g) m - jo V(m). 

For any a G A, using the definition of j and Definition 118. 4. 3| we compute 

s{am) — a ■ s(m) — I 1® (am) — jo V(am) — a • [1 fn — j° V(m)] 

= 1 (Xi (am) — a ®) m — j[a ■ V(to) + da ®) m] + j[a ■ V(77i)] 

= j[da (g) m] ~ j[a ■ V(m) + da ®) m] + j[a ■ V(m)] — 0. 

Hence, s is an A-module map, moreover, one finds 

acto s(m) — act[l ® m ~ j" V(m)] — m — (octo j)" V(m) — m — Q = m. 
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We see that the map s provides a sphttmg of the projection act in H18.4.6(l . therefore 
M is a direct summand in A (g) M, hence it is projective. □ 

It is easy to see that any connection V : Af ^ ^^^^{A) (E)a M has a unique 
extension to a map V : ri^c(^) ^ ^nt^i^) "^A M such that 

V(a ■n)^da-fi+ (-l)d<=g" . a ■ Va £ n'^,{A), ^^ G ^nM) ®A M. (18.4.7) 

In particular, one defines the curvature of the connection V as the composite map 

i?v : n'^^{A)(g)AM ^n'+\A)(g)AM ^n'+^{A)(g)AM. (18.4.8) 
From formula p8.4.7|l . we compute 

i?v(a • /i) = Vo V(a • n) = W[da ■ n + (-l)d«g" . a ■ 

= (f{a) ■ M + (-l)d<=g^" . da ■ V(/i) + (-l)d<=g° . da ■ 

+ (_l)dcga+dcgrfa . ^ . y., V(^) = ^ . R^(^)_ 

Thus, the curvature is an r2^j,(A)-linear map. 

We can now proceed to the construction of characteristic classes. Fix a finite 
rank projective left A-module M and choose an imbedding of M into a free module 

as a direct summand. Let e S Mat^A be the idempotent that projects A*" to 
M, and let Ve := e°d°e be the corresponding Grassmannian connection on M. 
We may view the curvature R\j^ = eod°eod<=e as an element of Mat^A (g) Vt^^{A). 
For each k = 1,2, ... , we consider the class of the element (Ry^)'' G Mat^A g) 
ri^^(A) in DR^''(Mat„A/Mat„k). Thus, applying the canonical isomorphism Tr : 
DR'(Mat„A/Mat„k) PR' (A) of Proposition [T03l to -^(Ryy we obtain an 
element 

chfe(M, Ve) := ;iTTr(i?vj'' e DR2'=(A), (18.4.9) 
called the A;-th de Rham Chern character class. 

19. Formally Smooth Algebras 

19.1. We are going to study the concept of 'smoothness' in noncommutative ge- 
ometry. Throughout this section A denotes a finitely generated associative algebra. 

Recall that a two-sided ideal / of an associative algebra B is said to be nilpotent 
if there exists n > such that 6i • . . . • 6„ = 0, for any 6i, . . . , 6„ e /. 

Definition 19.1.1. A finitely generated associative algebra A is called formally 
smooth if the following lifting property holds. For every algebra B and a nilpotent 
two-sided ideal I C B, given a map A ^ B/I there is a lift A ^ B such that the 
following diagram commutes: 

B (19.1.2) 

A- -B//, 

where B -» B/I is the quotient map. 

To build some intuition for formally smooth algebras we consider commutative 
case first. 
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Theorem 19.1.3. For a finitely-generated commutative k-algebra the following 
conditions are equivalent. 

(a) Let m: A® A ^ A be the multiplication map. Then Ker m has the locally 
complete intersection property (this is basically used in the proof of the 
Hochschild-Kostant-Roscnberg theorem). 

(b) riJojjj(A) is a projective A-module. 

(c) A satisfies the lifting property (|19. 1.2(1 for any commutative algebra B . □ 

Recall that Rep;^ denotes the algebraic variety of all representations of A on E. 

Proposition 19.1.4. If A is formally smooth and finitely generated, then for every 
finite- dimensional k-vector space E, the scheme Rep^ is smooth. 

Proof. Take = k", and let Rep^ :— RepJ^i — Rep;^. For any scheme X and any 
finitely generated commutative algebra B, we set 

X{B) = Homaig(k[X],B). 

Giving an element of X{B) is equivalent to giving an algebraic map Speci? — > X. 
The elements of X{B) are called the B-points oi X. In the case of RepJ^, we see 
that for any such B, 

Rep;^(B) = Homaig(A,Mat„B). 

Observe that if / C -B is a nilpotent ideal, then so is Mat„(/) C Mat„i?. Let 
R = k[Rep^]. We will check that R is formally smooth. In other words, we wish 
to see if the obvious map 

Homaig(i?, B) Homaig(i?, B/I) 

is a surjection. By definition, IIomaig(i?, -B) ~ IIoniaig(A, Mat„-B). By the formal 
smoothness of A, 

Homaig(A,Mat„B) Homaig(A, Mat„B/Mat„(/)) 

is surjective since Mat„(/) C Mat„i?. The proof then follows. □ 

Proposition 19.1.5. The algebra A is formally smooth if and only if nl^^{A) is a 
projective A-bimodule. Equivalently, A is formally smooth if and only if the functor 
Der(A, — ), on the category of A-bimodules, is exact. 

Lemma 19.1.6. If Qj\^{A) is a projective A°-module, then the categories A-mod 
and A'^-mod both have homological dimension less than or equal to 1, i.e., we have 

Extl^„,(M,iV) = resp. Ext^^„(M, iV) = 0, for all j > I. 

Proof. We prove the statement for left A-modules; the proof for A-bimodules is 
similar. 

Recall the fundumental exact sequence 

^ nl^{A) ^ ^ A ^ 0. 

Now, if ^\^{A) is a projective A'^-module, then ^\^{A) is projective as a left and 
right module. So tensoring the fundamental sequence by any left A-module M 
preserves exactness, hence yields an exact sequence of left A-modules 

-> nl^{A) ®A M -> A®M M ^ 0. 
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Here, the left A-module A(^AI is projective since it is free. Further, the projectivity 
of iljj^(yl) implies that nl^^{A) is projective as a left module. Indeed, if fll^^{A) is 
a direct summand of the free bimodule A ^ E (S) A, then ill^^{A) (E)a M is a direct 
summand of the free left module A(E) E (g) M. Thus, we have constructed a length 
two resolution of M by projective A-modules. Computing the Ext-groups via this 
resolution we conclude that Ext-^_^jjj(M, N) — for any j > 1. □ 

We observe that if = 0, then B — A^I, the square zero construction, in the 
lifting problem if A is formally smooth. 

Lemma 19.1.7. The following are equivalent. 

(1) fll^^{A) is projective. 

(2) Lifting property holds for any square zero extension. 

(3) HH^{A, M) = for any A-bimodule M. 

Proof of Lemma \l9.1.1\ We will prove that each of the claims (1) and (2) is equiv- 
alent to (3). 

Recall that the square zero extensions the algebra A = B/I hy I are classified 
hy HH^{B/ 1, 1). 

Suppose that HH^{A, M) = for all M. Suppose we wish to lift a map a: A^ 
B /I. The pull-back of extension I ^ B ^ B / 1 via a gives a commutative diagram: 

^E ^A ^0 

id 

^ / ^ B B/I ^ 0, 

where the left-hand vertical map is the identity. The algebra E is given by the 
fiber product of A and B, that is, E = {{b,a) e B (B A \ a{a) = /3(6)}. Since 
HH'^{A,M), the top row is split by some a: A E. Then, letting E B he 
denoted by r, the composition r o cr is the desired lift. 

Now, suppose that the lifting property for square zero extensions holds. We 
wish to show that HH^{A, M) = 0. Now, an element of HH^{A, M) gives a square 
zero extension O^Af —* E A ^ 0. Now, since lifting holds for the square 
zero case, we can lift the identity map A ^ A to & map A E, which splits the 
extension. So, (2) and HH^{A,M) = are equivalent. 

Finally, an y4-bimodule P is projecive if and only if Ext^_b|^Qj(P, M) = for all 
A-bimodules M. Hence, n]^^{A) is projecive if and only if Ext^_bjmod(^nc(^)7 ^'^) — 
for all ^-bimodules M . But the long exact sequence for Ext arising from the 
fundamental short exact sequence ^\^{A) A'' ^ A yields 

Extibimod(^^L(^),M) = Extl,i^,,(A,M) ^ HH\A,M). 

Thus, Q]^^{A) is projecive if and only if HH^{A, M) = 0. This completes the 
proof. □ 

Proof of Provosition My.l."^ Let / C -B be any nilpotent ideal, /" — 0, of an algebra 
B. We will proceed by induction on n. Consider the exact sequence 

-> /"-!//" ^ B/r ^ B/r-^ ^ 0. 
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This is then a square zero extension of B/F^^^ if n > 2. Take a map A B/F'-^^ . 
Then let E be the fiber product of A and B //" to obtain the commutative diagram 
(with exact rows) 

^ in-ijjn ^ ^ ^ ^ ^ . 

id 

^ jn-l I jn ^ B/F^ ^ ^ 

Then by assumption (and the lemma), there is a splitting A —t E —t B. So, by 
inducting on n until /" = 0, we obtain lifting. 

The implication that there exists a lifting implies ^\^{A) is projective follows 
from Lemma [19.1.71 □ 

19.2. Examples of formally smooth algebras. Here are a few examples: 

(1) The free associative algebra k(a;i, . . . , a;„). 

(2) Mat„k. 

(3) lk[X] where X is a smooth affine curve. 

(4) The path algebra of a quiver. 

(5) The upper triangular matrices. This is a special case of (4), since the 
algebra of upper triangular matrices is nothing but the path algebra of the 
quiver • ^ • ^ • • • — > •. 

(6) If A and B are formally smooth, then so are A® B and A* B. 

The reader should be warned that the (commutative) polynomial algebra k[xi, 
. . . , Xn] is not formally smooth, for any n > 1. 

19.3. Coherent modules and algebras. It is perhaps clear from discussion in 
the previous sections that a formally smooth finitely generated associative (not nec- 
essarily commutative) algebra A should be viewed as a 'noncommutative analogue' 
of the coordinate ring of a smooth affine algebraic variety X. Accordingly, the 
category of finitely generated A-bimodules should be viewed as a 'noncommutative 
analogue' of the abelian category Coh{X). 

An immediate problem that one encounters with such an analogy is that a 
finitely generated formally smooth algebra A is typically not Noetherian, hence, 
neither the category of finitely generated left A-modules nor the category of finitely 
generated A-bimodules, are abelian categories, in general. This is so, for instance, in 
the 'flat' case where A — k(xi, . . . , a;„), is a free associative algebra on n generators. 
This difficulty can be dealt with by replacing the notion of a finitely generated 
module by a more restrictive notion of coherent module. 

In general, let A be an associative algebra. We introduce, see |Poj . 

Definition 19.3.1. A (left) A-module M is called coherent if M is finitely gen- 
erated and, moreover, the kernel of any A-module map A^ — + M is also a finitely 
generated A-module. 

It is straightforward to verify that if / : M ^ iV is a morphism between 
two coherent modules, then both the kernel and cokernel of / are again coherent 
modules. Thus, coherent ^-modules form an abelian category. 
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In order for the concept of coherent module to be useful one has to know that, 
for a given algebra A, there are "sufficiently many" coherent modules. We will see 
below that this is indeed the case for formally smooth algebras. 

First, we recall that an algebra A is called hereditary if Ext^_^Qj(M, N) — for 
all A-modules M and N and j > 2, in other words, A is hereditary if the category 
A-mod has homological dimension less than or equal to 1, c.f. Lemma [19. 1.61 

Lemma 19.3.2. An algebra A is hereditary if and only if every submodule of a 
projective A-module is again projective. 

Proof. Let P be a projective A-module, and let P' C P be a submodule. Then we 
have the short exact sequence 

^ P' ^ P ^ P/P' 0, 

where the middle term is projective. If M is any A-module, we obtain a long exact 
sequence in Ext groups: 

. . . ^ Ext^P, M) Ext^P', M) ~* Ext^ (P/P', M) Ext^(P, M) ^ . . . . 

Since P is projective, Ext"^(P, M) — Ext^(P, M) — 0, hence we find that 

Ext^(P', M) ~ Ext^(P/P', M) 

for all A-modules M. But A is hereditary, hence Ext^(P/P',M) = 0. Therefore, 
Ext^P', M) = for all M e A -mod, hence P' is projective. 

Conversely, let M be any A-module. Then we have the resolution 

^ P ^ A®" ^ A/ 0, 

where P = Ker(A®* ^ M). Since A®* is free, it is projective. Therefore P is 
also projective by assumption. This shows that every A-module M has a projective 
resolution of length at most two, hence Ext-' (M, A^) ~ for all j > 2. □ 

It is known that A is hereditary if and only if all left ideals of A are projective. 

We observe next that if A is formally smooth, then by Lemma Fl 9 . 1 . 61 1 he cate- 
gory A-mod has homological dimension less than or equal to 1, so A is a hereditary 
algebra. Furthermore, the proposition below insures that the category of coherent 
A-modules, reps., coherent A-bimodules, is sufficiently "large". 

Lemma 19.3.3. Let A be a finitely generated hereditary algebra. Then, any finite 
rank free A-module is coherent. 

Proof (by D. Boyarchenko). Let M = A" be a free left A-module of finite rank n. 
Clearly, M is finitely generated, so we only have to prove that if / : A*" ^ Af 
is a homomorphism, then Ker(/) is also finitely generated. Let K = Ker(/), 
and Q = Im(/). We have a short exact sequence Q^K^A^^Q^O. By 
construction, Q is a submodule of the free module M. Hence Q is projective, since 
A is hereditary. Hence the above exact sequence splits. In particular, this yields a 
surjection A^ K, which implies that K is finitely generated. It follows that any 
finite rank free left A-module is coherent. □ 

Corollary 19.3.4. If A is a formally smooth algebra, then the cokernel of any 
A-module map A™ A" is a coherent A-module. Also, any finite rank free A°- 
module, is coherent. 
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Proof. The first claim follows from the previous Lemma, since a formally smooth 
algebra is hereditary. 

Further, one proves easily that if M is a coherent left A-module and iV is a 
coherent left i3-module, then M ^ N is a coherent left A (g) _B-module. The claim 
on A^-modules follows. □ 

19.4. Smoothness via torsion-free connection. For any associative algebra A, 
we define 

D{A) = T{A + A)/(ab = ah + ab,a a' ^ aa' (g) 1), 

where as usual A = A as a, vector space. Then a i-^ a is a differential. Earlier, we 
showed that D{A) ~ ~ TAn^^iA). 

Let us consider the commutative situation. Let X be a smooth affine algebraic 
variety. Then we have the two following relations: 

n'{X) = A'n\X) and k[TX] = Symr2i(X), 

where we use the convention fl^{X) — ill^^^^{k[X]) . In the noncommutative case, 
there is no difference between the exterior and symmetric powers. Hence we see that 
the single differential graded algebra D{A) = ^l'^^{A) can be simultaneously thought 
of as noncommutative differential forms and as functions on the "noncommutative 
tangent bundle." When we wish to stress the latter interpretation, we will write 
D{A) instead of D{A). 

Fix a finite dimensional vector space E and consider the variety Rep^^"^'' of 
algebra maps D{A) End^-E. 

Proposition 19.4.1. The varieties Rep^'"^'' and TRep;^ are isomorphic. 

Proof. An element of Rep^^"^"* is a honiomorphism D{A) — > Endi?. But a homo- 
niorphism from D{A) can be specified by giving the image of a and a for each a A. 
So, let p{a) be the image of a, and fia) the image of a. Then we can easily check 
that p: j4 — > End£' must be a homomorphisni, while ip: A Endi? is a derivation. 
This is precisely a point of TRep;^. Given a point TRep;^, we can clearly reverse 
the arguments made above to construct a homomorphisni D(A) End£^. □ 

Theorem 19.4.2. An associative algebra A is formally smooth if and only if the 
natural map A ~> A can be extended to a derivation of D{A) of degree +1. 

Suppose we are in the commutative case, that is, A — k.[X] for some affine 
variety X. Then we view D{A) as the coordinate ring of the total space of the 
tangent bundle TX of X. A derivation V of k[TX] is a vector field on TX. This 
gives a connection on TX. Indeed, since V is a derivation, this connection has no 
torsion (that is, V[^^^] — V^Ty — V,,^). 

Proof of Theorem. We already know that A is formally smooth if and only if every 
square zero extension 

splits. To check that every square zero extension splits, it suffices to check this for 
the universal square zero extension, Attcf^nc(^), see llO.H.Il A splitting of the latter 
extension is provided by an algebra map ip: A E such that ip o j = id, where 
j: A — > i? is the inclusion map. So, write V'(o) = (a, —0(a)) for some function 
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(p: A —> il'^^[A) (we are not asserting any properties for </) except linearity, which 
is obvious). Then we see that 

V'(ai)V'(a2) = (0-10-2, -ai4i{a2) - 0(ai)a2 - dai ^02) = (ai02, -0(aia2)) 

= -0(0102)- 

So, we find that 0(0102) — ai(/)(ai) — 0(oi)a2 — dai da2. □ 

Now we can define a derivation of D{A) by a > a and d 1— > 0(a). The proof of 
the opposite imphcations follows from the universality of equation I|1U.3.1|I . 

But the left hand side of the above equation is precisely 5(f), where 5 is the 
Hochschild differential. We write the right hand side as d^d to obtain the equation 

Scj) — d® d. 

Now, we claim that extending the map a 1— > a to a derivation +1 on D{A) is 
equivalent to giving a map A — > ^^^^ [A) . 

Lemma 19.4.3. Giving a map (p satisfying 5(j) — d ® d is equivalent to giving an 
A-bimodule splitting of the sequence 

^ ^IM) ^L{A)®A ^ nlM) 

where m is right multiplication, 771(0; a) — uj ■ a, and 

j{a da) — aa (g) 1 — a a, for all a G ill^^{A) , a G A. 

(By splitting, we mean a map p: nl^^{A) i}f-^^{A)). 

Proof. Giving such a is equivalent to giving a map A — > fl'^^(A), and we use this 
along with bilinearity to see that this is equivalent to giving a map 

p: nlJA)(g>A = A(g> A® A ^nl^i A). 

Since satisfies S(j) = d d, we can check that p is a splitting, i.e., pj = id. 
Conversely, if pj — id, we see that 

pj{dai da2) = p{dai • 02 <8i 1 — dai (g) 02) 

= p{d{aia2) 1 — 02 da2 1 — dai ^ 02) = dai da2, 

forces Sp = d<S) d. □ 

20. Serre functors and Duality 

20.1. We write Vect for the category of finite dimensional vector spaces, and V t-^ 
V* = Homiij(y, k), for the obvious duality functor on Vect. 

In this section, we will freely use the language of derived categories. We write 
[n] for the shift by n in a triangulated category. A functor F : Di ^ D2 between 
triangulated categories is said to be a triangulated functor if it takes distinguished 
triangles into distinguished triangles, and commutes with the shift functors. 

A k-linear category D is said to be Horn-finite if, for any two objects M, N E D, 
the space Homi5(M, N) has finite dimension over k. 
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Definition 20.1.1 (Bondal-Kapranov). Let D he a. Horn- finite triangulated cate- 
gory. An exact functor S : D ~f D is called a Serre functor if there are functorial 
vector space isomorphisms 

UomoiM, N)* ~ UomoiN, S{M)), for any M, N e D. 

Let D be a Horn-finite category. For any object M G D, we consider the 
composite functor Hom£,(Af, -)* : D -> Vect , N i-> Homk(HomD(M, A^), k) = 
Home (M, TV)*. Observe that, if the category D has a Serre functor S, then the 
functor Hom£i(M, — )* is, by definition, represented by the object S(M). Yoneda 
Lemma |2 . 1 . 21 insures that the object representing this functor is unique, if exists, 
up to (essentially unique) isomorphism. Using this, it is not difficult to deduce that 
any two Serre functors on a Hom-finite category must be isomorphic to each other. 

The definition of Serre functor is motivated by the following geometric example. 

20.2. Serre duality. Let X be a smooth projective algebraic variety of dimension 
d. Write D'^^^{X) for the bounded derived category of sheaves of Ojf-modules on 
X with coherent cohomology sheaves. As a consequence of completeness of X, the 
category D^^^^{X) is Hom-finite. This follows from the well-known result, saying 
that dim W{X,J^)) < oo, for any coherent sheaf on X. 

Let Kx ■— be the canonical line bundle on X, the line bundle of top-degree 
differential forms on X, viewed as an invertible sheaf on X. 

Proposition 20.2.1. The functor M i — > M(E)Kx[d] is a Serre functor onD^^^^(X). 

Remark 20.2.2. (i) The condition that X is smooth is not very essential here. In 
the non-smooth case, one has replace Kx [d] by the dualising complex , and 
to restrict oneself to the category Dpcri{X) C D^^^^{X) of perfect complexes, that 
is, the full triangulated subcategory in D'^^y^{X) formed by complexes which are 
quasi-isomorphic to bounded complexes of locally free sheaves. For example, if X 
is a Cohen-Macaulay projective scheme, then the functor M i — > M (S) gives a 
Serre functor on Dport{X). In general, the Serre functor is an equivalence between 
the category Dpcrf (-^) and the category of bounded coherent complexes with finite 
injective dimension. 

(ii) According to Kontsevich, any Hom-finite triangulated category with a Serre 
functor should be thought of as the category D^oi^{X) for some complete 'noncom- 
mutative space' X , possibly singular. <) 

Below, we will interchangeably use the words "locally free sheaf" and "vector 
bundle" and, given such a vector bundle E, write E* for the dual vector bundle. 

The Proof of Proposition I2U. 2 .H uses the following important result 

Theorem 20.2.3 (Grothendieck). An algebraic variety X is smooth if and only if 
every coherent sheaf on X has a finite resolution by locally free sheaves, equivalently, 
if the (shifts of) vector bundles on X generate the category D^^^^{X). □ 

Proof of Provosition \2U.2.1\ The result is essentially a reformulation of the stan- 
dard Serre duality. The latter says that, for any vector bundle E on X, one has 

H\X, E)* ^ H'^-\X, Kx E*), Vi e Z (Serre duality). 
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Now, for any two vector bundles Fi, F2, on X, we have Ext* {Fi, F2) ~ H' (X, 
,J^om{Fi,F2)) = H'{X,F^ (g) F2), where Ext'(-,-) stands for the Ext-group in 
the abehan category Coh(X), and J^om{Fi, F2) G Coh(X) stands for the internal 
Hom-sheaf which, for vector bundles, is isomorphic to F^ (E) F2. Using this, we 
compute 

Homc.^_^(;f)(Fi, F2W)* = Ext''(Fi, ^^2)* = H%X, F* ® F^)* 

(by Serre duality) = H'^-' {X,Kx® {F^ ® F2)*) 

= H'^-\X, Kx (E) Fi (g) F;) 

^Ext''-'{F2, Kx<gFi) 

= Hom^._^^(;f)(F2[z] , Fi ® Kx[d]) 

= Hom^._^^(;,)(F2M, S(Fi)). 

Thus, we have checked the defining property of Serre functor in the special case of 
vector bundles (more precisely, the chain of isomorphisms above may be refined to 
yield a morphism of functors Hom(— , N)* Hom(iV, S(— )), which we have shown 
to be an isomorphism for locally free sheaves). The general case now follows from 
Proposition l20.2.3l □ 

We keep the above setup, and for any integer n > 1, set S" = SoS" ...°S 
(n times). Clearly, we have S" : M 1-^ M (g) iff "[dn]. We see that any global 
section s e T{X,K'§") gives, for each M e D'^^y^{X), a morphism : M ^ 
M (g) iff" = S"(M)[— dn] , TO 1-^ TO (g) s. Thus, we have a morphism of functors 
<i>s : Idrjb (-^-^ — > S"[— c?n]. This way, we get a linear map of vector spaces 

coh \ ' 

r(X,if|") — ^ Hom(Ido.^^(_Y) , S"[-dn]), s (20.2.4) 
which is easily seen to be an isomorphism. 

We apply this to prove the following interesting result, first due to Bondal- 
Orlov. 

Theorem 20.2.5. Let X and Y be smooth projective varieties such that the canon- 
ical bundles Kx and Ky are both ample line bundles on X and Y , respectively. 
Then, any trianulated equivalence F)^co\ii-^) ^coh(^) 'i^pl'iss an isomorphism 
X c^Y , of algebraic varieties. 

Remark 20.2.6. The Theorem says that a smooth projective variety with ample 
canonical class is completely determined by the corresponding triangulated cate- 
gory D^ohi-^)- particular, with the assumptions above, one has D^^hi-^) — 
^cohO^) X ^ Y. Such an implication is definitely false for varieties with 

non-ample, e.g. with trivial, canonical bundles. 

On the other hand, it is not difficult to show that, for any algebraic varieties 
X and y, an equivalence Coh(X) = Coh(F), of abelian categories, does imply 
an isomorphism X ~ 1" (Hint: the assignment sending a point x €z X to the sky- 
scrapper sheaf at x sets up a bijection between the set X and the set of (isomorphism 
classes of) simple objects of the category Coh(X). This way, one recovers X from 
Coh(X), as a set. A bit more efforts allow to recover X as an algebraic variety, as 
well.) 
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Proof of the Theorem (after Kontsevich). Put D := D^^^Yii^)- We are going to 
give a canonical procedure of reconstructing the variety X from the triangualted 
category D. 

To this end, observe that, for each n,m > 0, the obvious sheaf morphism 
iff" (g) i^l™ ^ induces a Hnear map 

r(x,if|")®r(x,i^|") — > r(x,if|("+™^). 

Similarly, for each n,m > 0, there is a composition of morphisms of functors 
defined as follows 

Hom(Idc , S"[-dn]) ® Hom(Idi3 , S"[-dm]) 

^ ^Hom(Idi5, S"[-dn]) «) Hom(S"[-dn], S"+™[-d(n + m)]) 

— > Hom(Idi5 , S"+"[-d(n + m)]). 

(here, we put S" := Id/?, by definition). This way, from ()20.2.4|l we deduce a graded 
algebra isomorphism 

T{X,K^-) ^ Hom(Idz5 , S" [-dn]). 

Now, if Kx is very ample, then the variety X may be obtained from the graded 
algebra on the LHS above via the standard Proj-construction, that is, we have 

X = Proj (0^^^^ r{X,KT)) ^ Proj (0^^^ Hom(Idz, , S"[-H)) • (20.2.7) 

If Kx is ample but not very ample, we replace Kx in this formula by a sufficiently 
large power of Kx- Thus, formula (|20.2.7I) gives way to reconstruct the variety out 
of the corresponding derived category D'^^y^{X). 

We observe next that the integer d = dim X can be characterized as follows: 

• d is the unique integer with the property that there exists an object M G 
^coh(^) such that S(M) ~ M[d]. 

Now, let X, Y be two smooth projective varieties such that -Dcoh(^) — -^coh(^)- 
Then, by the characterization above, one must have dimX = diml". Hence, the 
integer d in the RHS of H2().2.7|l is equal to the one in a similar formula for Y . Fur- 
ther, the uniqueness of the Serre functor mentioned after Definition 120 . 1 . 11 implies 
that the Serre functor on D\^yi[X) goes under the equivalence D^^^^{X) = -D^oh(^) 
to the Serre functor on D^ohO^)- Hence, the equivalence yields a graded algebra 
isomorphism 

0^^^ Hom(ldc.^^(;,) , S"+'"[-d(n + m)]) 

=^ 0„>o Honi(ld^.^_^(^) , S"+-[-d(n + m)]). 

Therefore, the corresponding Proj-schcmes are isomorphic, and we are done. □ 

Remark 20.2.8. A similar result (with similar proof) holds in the case where the 
varieties have ample anti-canonical classes [Kx)^^ and (Xy)^^. 
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20.3. Calabi-Yau categories. Recall that a smooth variaty X is called a Calabi- 
Yau manifold if it has trivial canonical bundle, Kx — Ox- Assuming in addition 
that X is projective and has dimension d, the Calabi-Yau property can be refor- 
mulated as an isomorphism of functors S(— ) ~ (— Motivated by this, one 
introduces the following 

Definition 20.3.1. A Hom-finite triangulated category D, with Serre functor S, 
is said to be a Calabi- Yau category of dimension d, if there is an isomorphism of 
functors S(— ) ~ (— In such a case, we write d = dimD. 

We observe further that it makes sense to consider Calabi-Yau categories of 
fractional dimension. Specifically, we say that dimD = m/n, provided there is an 
isomorphism of functors S"(— ) ~ (— )[m]. 

Example 20.3.2 (Kontsevich) . Let A be the associative algebra of upper-triangular 
n X n-matrices (with zero diagonal entries). Then, one can show that the category 
D^{A-mo<i) has dimension ^^qrj- This category is, in effect, related to the category 
of coherent sheaves on the orbifold with An-type isolated singularity, i.e., with 
singularity of the form k^/(Z/nZ). 

The following important result is due to |BKI Lemma 2.7], cf. also |BKR| . 

Theorem 20.3.3. Let D and D' be two triangulated categories with Serre functors, 
and let F : D D' be an exact functor that intertwines the Serre functors on D 
and D' . Assume in addition that 

• F has a left adjoint F^ : D' ^ D and the adjunction morphism Ido ^ F° F^ 
is an isomorphism. 

• The category D is indecomposable, i.e., there is no nontrivial decomposition 
D — Ci® C2, into triangulated subcategories. 

• D is a Calabi- Yau category. 

Then, the functor F is an equivalence of triangulated categories. □ 

20.4. Homological duality. Given an associative algebra A, let D(A-mod) be the 
derived category of all (unbounded) complexes of left ^-modules. 

Definition 20.4.1. Let D-pcriiA) be the full subcategory in _D(A-mod) formed by 
the complexes C, such that C is quasi-isomorphic to a bounded complex of finite 
rank projective A-modules. 

The following Lemma provides an interesting, purely category-theoretic inter- 
pretation of the category Dpc^i{A). 

Lemma 20.4.2. An object M E D{A-mod) belongs to r'porf(^) if and only if M 
is compact, i.e., if the functor }io'niD(^y^_r„ad){M, —) commutes with arbitrary direct 
sums, cf. Definition \2.1.4\ O 

Observe that, for any left ^-module M, the space KomAiM, A) has a natu- 
ral right A-module structure induced by right multiplication of A on itself. This 
gives a functor Hom^(— ,A) : A-mod mod- A = A°P-mod. Similarly, one has a 
functor HomAop(— , A) : A°P-mod — > A-mod. Observe further that if M is a pro- 
jective left A- module, then HomA(A^, A) is a projective right A-module, and vice 
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versa. Therefore, the functor HomA(— , ^) gives rise to well-defined derived functors 

RRomA{-,A) : £)perf(A) ^ £)perf(A°P). 

Below, we will frequently use the following canonical isomorphisms 

• M RllomAov{RBomA{M,A) , A), VM e -Dperf(^), 

• RRomA{M,A)^AN ^ RRomA{M,N), yM,N € Dp^,{{A). (20.4.3) 

L L 

• A {LigiR)c^ R i^aL , for any L e Dperf (^) , R e fperf (^°'^). 

Here, each of the isomorphisms is clear for finite rank free modules, hence, holds 
for finite rank projective modules. This yields the result for arbitrary objects of 

£'perf(^). 

Recall next that an abelian category "lo is said to have homological dimension 

< d if, for any objects M,N € , wo have Ext^^.(M,iV) = 0, for all i > d. For a 
smooth variety of dimension d, the category Coh(X) is known to have dimension 

< d (and the inequality is in effect an equality). 

Remark 20.4.4. We recall that if A and B are both formally smooth algebras then 
A (g) B is not necessarily formally smooth. Similarly, if A-mod and J5-mod both 
have finite homological dimension then this is not necessarily so for (A (g) i?)-mod, 
e.g., take A = B = K, a, field of infinite transcendence degree over k (this example 
is due to Van den Bergh). 

Further, assume that the algebra A is left Noetherian, and let £>''(A-mod) be 
the full subcategory in D{A-mod) formed by the complexes C G D{A-mod) such 

that 

• Each cohomology group (C) is a finitely generated A-module; 

• W{C) = for all but finitely many i e Z. 

It is easy to show that D^{A-mod) is a triangulated subcategory that contains 
Dpeii{A). Furthermore, one proves 

Lemma 20.4.5. For a left Noetherian algebra A, the following conditions are equiv- 
alent: 

(i) The category A-mod has finite homological dimension; 

(ii) The inclusion Dpeii{A) ^ D^{A-mod) is an equivalence; 

(iii) Any finitely-generated left A-module has a finite resolution by finitely- 
generated projective A-modules. □ 

20.5. Auslander-Reiten functor. Below, it will be helpful for us to observe that 
a left A'^-module is the same thing as an A-bimodule, and also is the same thing 
as a right A'^-module. This may be alternatively explained by the existence of the 
canonical algebra isomorphism {A°)°p ~ given by the flip. 

Now, the object A^ = A^ A is clearly both a left and right A'^-module. The 
left A'^-action on ^4** corresponds to the 'outer' A-bimodule structure on A ^ A, 
explicitly given by {a', a") : x ® y \ — > [a'x) ® {ya"). We will indicate this 'outer 
action' by writing A° = ^A^A^. More generally, given an A-bimodule M, we will 
use the notation ^M, resp., M^, whenever we want to emphasize that M is viewed 
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as a left, resp. right, A-module. With these notations, the right A'^-action on A'^ 
corresponds to the 'inner' A-bimodule structure: A° = Aj^ ® ^^A, exphcitly given 
by (a', a") : x y i — > (xa') ® (a"y). 

View A and A° as a left A°-modules, and put 

U := i?Hom£,(^c_^<,d)(A,A'=). 

The right A'^-module structure on A'^ induces one on i?Hom£)(^o_mod)(^j -^^)- This 
makes U a complex of right A°-modules. As we have explained, any right A'^-module 
may be as well viewed as a left ^''-module. Thus, we may (and will) regard U as 
an object of Z?(A''-mod). 

Example 20.5.1. Let V he a. finite dimensional vector space. The tensor algebra 
A = TV is homologically smooth, and has a standard A-bimodule resolution: 

— >TV ®V ®TV ^ TV ®TV TV — > 0, 

where the map x is given hy x : a®v®b^{a-v)®b — a®{v-h) (this is a 
special case of Koszul bimodule-resolution for a general Koszul algebra, cf. e.g. 
[BG ] . jVdBlj 'l. Therefore, we find that, for A = TV, the object U is represented by 
the following two-term complex 

r 

TV® TV — > TV ®V* ®TV, a®b< — > ^ [(a • u,) «) (g) 6 - a (g) (g) (w, • b)] , 

i=l 

where {vi} and {vi} are dual bases of V and V* , respectively. 
Definition 20.5.2. The functor 

Dpert{A) ^ i:>(A-mod), resp., Dp^.iiA") -> DiA^-mod), 

L 

given by M 1-^ U (g^M, will be called the Auslander-Reiten Junctor. 

Auslander and Reiten considered a similar functor (on certain abelian cate- 
gories) in their study of representation theory of finite dimensional algebras. 

Next, we extend the notion of Hochschild homology and cohomology to objects 
of D{A° -mo6) by the formulas 

HH\A,M) := IioiaD^^^,(A-){AM\i]) and HH^{A,M) := H-'{A®a- M) 

where the negative sign is chosen in order to make the present definition compatible 
with the standard definition of Hochschild homology of a bimodule, as given in §5. 

With these definitions we have the following result, see |VdB2| . 
Proposition 20.5.3 (Duality). For any M e Dpcii{A°), and i S Z, there is a 

L 

natural isomorphism HH\A, M) ~ HH ^i{A, U ®a M). 

Proof. For any M £ Dp^.fiA"), we have HW{A,M) = RomD^_^^^(^A-){A M\i]). 
Therefore, by the second formula in 12().4.3|l , we find 

HH\A, M) = W{muiD^^,,(A^)(A, A°) l^c m) = H\\J ^A" M). 
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Observe that, for any right ^"-modules R and left A°-niodule L, the object Ri^aL 
carries an ^-bimodule structure, equivalently, a left A°-niodule structure; further- 
more, an analogue of the third isomorphism in H2U.4.3|) says R iSia^L ~ A (i? (g)^L) 
Using this formula, and the previous calculation, we find 

HW{A,M) = W{\jk)A- M) ^ W{Ak)A-{l>i)AM)) = HH^,{A, uIaM). 

□ 

We say that an associative (not necessarily commutative) algebra A is Goren- 
stein of dimension d if one has 



Ext^-bimod(A^'=) = 



A if i = d 
otherwise. 



Clearly, for a Gorenstein algebra A, in Dporf(^'^) one has U = A[d]. Hence, from 
Proposition l2U.5.Jl we deduce 

Corollary 20.5.4. Given a Gorenstein algebra A of dimension d, for any M G 
-Dpcif(^'') there are canonical isomorphisms HH' {A, M) ~ HH d-.{A, M). □ 

Assume next that A is a finite- dimensional algebra of finite homological dimen- 
sion. Then any finite rank projective A-module is finite dimensional, hence any 
object of DpcriiA), resp., IJperf (^°^), is quasi-isomorphic to a complex of k-finite di- 
mensional A-modules. Thus, taking the k-linear dual of (a complex of) finite dimen- 
sional vector spaces induces a functor Dporf (A°p) D^{A-mod) ^ -Dporf (^) , M 
^ M* ■= Homiic(M,k). 

Proposition 20.5.5. Let A be a finite- dimensional algebra of finite homological 
dimension. Then 

(i) The composite functor 

D,.AA) ^""-^'-'^l Dperf(A°P) i5p.,(A), 

M 1-^- i?Hom^(M, A)* , is a Serre functor on Dpcrf{A). 

L 

(ii) The functor M i — > U ®aM is an inverse to the Serre functor S; further- 

L 

more, one has a functorial isomorphism U(^aM ~ i?Hom^(A*, M). 

Our proof of the Proposition given below exploits the following useful isomor- 
phism that holds for any finite dimensional algebra A: 

RKouiA'^iA^E*) {A®A-E)* , for any E e Dp^.f^A''). □ (20.5.6) 

Proof of Provosition \20 . 5.31 Recall that, for any left A- modules M, N, the vector 
space Homij(M, iV) has a natural A-bimodule structure, and we have a natural 
isomorphism 

Hom^(Af,iV) = Hom^_bi™d(A, RoiRt{M,N)). (20.5.7) 
Using this formula, for k-finite dimensional left A-modules M, N, we compute 
HomA(7V, HomA(A/,yl)*) = HomA-bimod N* <Si KoiaAiM , A)*) 

= HoiUA-bimod {A, {RomA{M, A) (g) N)*) . 
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Therefore, for any finite rank projective A-modules M, N, using the previous 
calculation, we find 

HomA(iV, HomA(Af,yl)*) = HomA_bi,^od (A^ «) HomA(M, A))*) 

= {A®A-{N <g) Rom a{M, A)))* 
by i2u.f>.til = (Ho-aiA {M, A) ®a N) * 
by i^nXm = (Hom^ (M, N))* . 

Thus, we have established a natural isomorphism 

HomA(M,iV)* ~ HomA(iV, HomA(Af, A)*) , 

for any finite rank projective A-modules. It follows that a similar isomorphism holds 
for any objects M,N e Dpcri{A). Thus, we have verified the defining property of 
Serre functor, and part (i) is proved. 

L 

We claim next that the functor M i — > U i^aM is a left adjoint of the Serre 
functor, that is, one has a functorial isomorphism 

Hoinc^^,,(A)(7V, S(M)) ^ Hom,,^^^,(^)(U ^aN, M). (20.5.8) 

To establish the isomorphism above, we first use the canonical adjunction iso- 
morphism for tensor products. This says 

RYLomAiyi^AN, M) ~ i?HomAo(U, M 0, N*) = i?HomAc(U, Homk(7V, Af)) . 
Now, using the second formula in H20.4.3() we compute 

i?HomAc(U,Homk(Ar,M)) = i?HomAo (U, (Ia<= Homk(iV,Af) 
= R Hom^o {R Hom^o (A, , (Ia<= Homk(iV, M) 

by 120.4.3|l = A d a- Hom^ (iV, M ) 

by \'k).hX^ = {R Hom^c (A, Homk(7V, M)))* 

= {R}iomA{M,N)y = R}iomA{N,S{M)), 

where the last equality holds by the definition of Serre functor. 

Thus we have proved our claim that, for the left adjoint functor ^S, we have 

S(— ) = U ®a(— )• But the explicit form of the Serre functor provided by part (i) 
clearly shows that this functor is an equivalence. Hence, its left adjoint functor 
must be an inverse of S, and the first statement of part (ii) follows. 

To prove the last statement we compute, cf. |CrBI §2]: 

L L 

i?HomA(A*,M) ^ RRoraA{A*,A) ®aM = i? Hom^c ( A, A (g) A) ®aM, 

where the first isomorphism is due to the second formula in H2U.4.3|I and the second 
isomorphism is due to 1)20. 5. 7|l . □ 
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20.6. Homologically smooth algebras. Recall that the category of A-bhiiodules 
has a natural monoidal structure M, TV i — > M ®a N, where M i^a N is again 
an ^-bimodule. This gives, at the level of derived categories, a monoidal struc- 
ture £)porf(A'=)0£)pcrf(A°) — > Dpc.fiA") , M,N < — > M®aN, where we identify 
objects of Z3porf(^°) with complexes of ^-bimodules. In a similar way, the cate- 
gory Dporf (^) is a module category over the monoidal category Dpcrf (^°), with the 
module structure Dporf (^°) (S* -C'pcrf (^) — > £'pcrf(^) given by the derived tensor 
product over A. 

Fix an algebra A. We consider A as an A-bimodule, that is, as an object of 
D(A<=-mod). 

Following Kontsevich, we introduce 

Definition 20.6.1. The algebra A is called homologically smooth if A is a compact 
object of D{A°-mo6), equivalently, if A S Dperf (^'') C D^A^-mod), that is, if A has 
a finite resolution by finitely-generated projective (left) A'^-modules. 

This definition is motivated by the following result 

Lemma 20.6.2. An ajfine algebraic variety X is smooth if and only if its coordinate 
ring, W^X], is a homologically smooth algebra (more generally, a scheme X is smooth 
if and only if Oxa ; ^^^^ structure sheaf of the diagonal X/^ <Z X y. X, is a compact 
object in D{OxxX-f^od)). 

Proof. If X is smooth, then so is X x X. Hence, by Grothendieck's theorem l20.2.3l 
the structure sheaf Ox^ has a finite locally-free resolution. Conversely, let 
. . . ^ ^1 — i- ^0 C'xa be a resolution of Oxa by locally free sheaves on X x X. 
Each term of the resolution, as well as the sheaf Ox^ itself, is flat relative to the 
first projection X x X ^ X . Hence, for any point x G X, the resolution restricts 
to an exact sequence 

where k^: denotes the sky-scrapper sheaf at the point x. This exact sequence pro- 
vides a bounded resolution of k^; by locally free sheaves on X. Hence, by the 
standard regularity criterion, cf. e.g. |Eisj . X is smooth at the point x. Thus, X is 
smooth at every point, and we are done. □ 

Thus, homologically smooth algebras should be thought of as coordinate rings 
of smooth 'noncommutative spaces'. We remark that the property of being "homo- 
logically smooth" is weaker than that of being "formally smooth": many algebras, 
such as polynomial algebras, universal enveloping algebras, etc., are homologically 
smooth, but not formally smooth. On the other hand, we have 

Lemma 20.6.3. (i) Any formally smooth algebra is homologically smooth. 
(ii) If A and B are homologically smooth, then so is A® B, and A°p. 

Proof. If A is formally smooth, then we have a length two projective resolution 
r2„c(^) A"^ ^ A. Hence, A £ Dpcri{A°), and A is homologically smooth. Part 
(ii) is straightforward, and is left to the reader. □ 
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Lemma 20.6.4. Let A be an associative algebra such that A" is Noetherian. 
(i) The following conditions on A are equivalent 

• The algebra A is homologically smooth; 

• The category A'^-mod has finite homological dimension; 

• There exists d 3> such that, for any A-bimodule M, one has 
HW{A, M) = 0, for all i > d. 

(ii) // A is homologically smooth, then the equivalent conditions (i)-(iii) of Lemma 
\2U4.5\ hold for A. 

Proof. See |VdB2| . □ 

Assume now that A is a homologically smooth algebra, so A e Z?porf(^°)- 

L 

Then A clearly plays the role of miit for the monoidal structure {,—)®a{—), on 
-DpGif(^°)- An object R € Dperf(^°) is said to be invertible if there exists another 
object R' G £)pcrf(^°), such that in Dporf(^'^) one has 

R®aR' ^A~R' ®aR- 

In this case, one calls R' an inverse of R, which is uniquely defined up to isomor- 
phism. 

It is straightforward to see from the definitions that the object U G D{A'^-mo6) 
belongs to Z?porf(^°) and, moreover, the derived tensor product with U preserves 
the category D^cviiA), that is, gives a functor 

U(|a(-) : i^pcrf(A) i?perf(A), Af ^ U ® A M. (20.6.5) 

Question 20.6.6 (Kontsevich). Is it true that U G Dpa,:i{A°) is an invertible 
object, for any homologically smooth algebra A ? 

It is not known (to the author) whether the two-term complex representing the 
object U for the free algebra A = TV, dim > 1, see Example l20.5.1l is an invertible 
object in DpcriiiTVy^ , i.e., whether Question 120 .6 . 61 has a positive answer for free 
associative algebras with more than one generator. 

Assume that ^ is a homologically smooth algebra such that U is invertible, and 
write D G Dporf(^'^) for the inverse of U (which is well-defined up to isomorphism). 
It is clear that the functors 

Dp^,i{A) ^ Dp^,i{A), M^U^aM, resp., M^D<^aM, 

are mutually inverse auto-equivalences of DpcvfiA). Furthermore, one can prove 
the following 

• There are algebra quasi-isomorphisms: 

^ i?Homc^^^,.(A)(^D, ^D), and A ^ i?Honip^^,,(Aop)(D^, D^). 

• In Dpcif{A''), there is an isomorphism: 

D ~ i?HomCp„,(A<=)(A D^). 
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Remark 20.6.7. The above properties show that, if U is an invertible object, then 
its inverse, D S Dperf(^°), is the rigid dualizing complex for A, as defined by Van 
den Bergh IVdBl'. This is known to be the case, for instance, if A = k[X] is 
the coordinate ring of a smooth variety X. Then, Dporf(Ik[X]) = D^^^{X), and 

L L 

the functor Di^a (— ) reduces to AI t-^ M i^a f^com(A) (this is not a Serre functor 
because the category Dpcrf{k[X]) is not Horn-finite, since X is not compact.) 

21. Geometry over an Operad 

21.1. We recall that, for any Z/(2)-graded vector space M = M^v ® A/odd, one 
defines the parity reversal operator, H, such that IIM = Modd ® M^v Thus HM is 
a Z/(2)-graded vector space again. 

Let V — ti = 1, 2, . . .} be a k-linear quadratic operad with 7'(1) = k, 

see [GiK]. Let §„ denote the Symmetric group on n letters. Given fi € V{n) and a 
■P-algebra A, we will write: /iA(ai , ■ • ■ , cin) for the image of ^ (g) oi . . . a„ under 
the structure map: 'P{n) (g)g^ A'^" — > A. Following [GiK, §1.6.4], we introduce 
an enveloping algebra U^A, the associative unital k-algebra such that the abelian 
category of (left) ^-modules is equivalent to the category of left modules over U^A, 
see [GiK, Thm. 1.6.6]. The a\gehra,U^A is generated by the symbols: u{fj,,a) , fi G 
7^(2), a e A, subject to certain relations, see [Ba, §1.7]. 

A T'-algebra in the monoidal category of Z/(2)-graded, (resp. Z-graded) super- 
vector spaces, see [GiK, §1.3.17-1.3.18], will be referred to as a V- super- algebra, 
(resp. graded super-algebra). Any P-algebra may be regarded as a T'-superalgebra 
concentrated in degree zero. Following |Gi[ §5], we define a free graded 7^-algebra 
(resp. super-algebra) generated by V by 

T;^^^0,>i and t;^:=0^^^ P(») (ny)«\ 

Fix a T'-algebra A. Following H3.4I we consider the category A-algebras, whose 
objects are pairs {B,f), where B is a 7^-algebra and f : A B is a. P-algebra 
morphism. Arguing as in ij3.4l we get a functor A-algebras — > A-modules. By |Gil 
Lemma 5.2], this functor has a right adjoint, i.e., we have 

Lemma 21.1.1. Given aV-algebra A, there is a functor: M > T'j^M , (resp. M i— > 
T'j^M) assigning to a left A-module M a graded V -algebra T'j^M — ®j>o TaM 
(resp. graded V-superalgebra T\M = ®j>o T\{I{M) ) equipped with a canonical 
V-algebra isomorphism i : A T^M . Moreover, for any V-algebra map: A 
B, one has a natural adjunction isomorphism: 

Hom^,_,„,jAf,S) ^ Hom^^,^^,jT;Af,S). □ 

An ideal / in a P-algebra A will be called A^-nilpotent if, for any n > N , ji ^ 
P(n), and ai, . . . , a„ e A , one has: y^^(ai, . . . , a„) = 0, whenever at least N among 
the elements ai, . . . , a„ belong to /. 

Given a left A-module M, one defines the square zero extension A^M, cf. |Bal 
Definition 3.2.6], or |Gil Lemma 5.1]. The following useful reformulation of the 
notion of a left A-module is due to [Ba, 1.2], [Qu]: 
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Lemma 21.1.2. Giving a left A-module structure on a vector space M is equivalent 
to giving aV -algebra structure on Af,M A(BM such that the following conditions 
hold: 

(i) The imbedding: a i— > a ® makes A a V-subalgebra in A'^M . 

(ii) M is a 2-nilpotent ideal in A^M . □ 

Definition 21.1.3. A k-linear map 9 : A ^ M is called a derivation if the map: 
a m 1-^ a 9{a) + m , is an automorphism of the P-algebra A^M. 

Let Derga(A, M) denote the k- vector space of all derivations from A to M. It 
is straightforward to see that the ordinary commutator makes Der^^, (A, A) a Lie 
algebra. 

Next we define, following [Ba, Definition 4.5.2], an A-module of Kdhler differen- 
tials as the left ZY^-module, 51^ A, generated by the symbols da, for a € A, subject 
to the relations: 

• d(Aiai + A2a2) = Aidfli + A2(ia2, VAi,A2ek; 

• d{fi{ai,a2)) — u{fi,ai) 1^ da2 + u{fi^^^\a2) 1^ dai, VyU G 7^(2), ai, 02 € A, 



where u{fi, a) denote the standard generators of U^A, see [B 



a 



By construction, i^^A is a left A-module, and the assignment a da gives a 
derivation d € Der.^, {A , ^^A). Moreover, this derivation is universal in the following 
sense. Given any left A-module M and a derivation 9 : A ^ M, there exists an 
A-module morphism il^9 : fl^A — > M, uniquely determined by the condition that 
{il^9){da) = 9{a) . It follows that the A-module of Kahler differentials represents 
the functor Dergj(A, — ), i.e., we have (see [Ba, Remark 4.5.4]): 

Lemma 21.1.4. For any left A-module M there is a natural isomorphism: 

Der^(A,M) ^ Hom,_, (f^^ A, M) . □ 

Lemma 21.1.5. There is a natural A-module morphism S : fl^ {A]jffl^ A) — > 

Lemma 21.1.6. Let A be a V-algebra, and M a left A-module. Giving the structure 
of a left A^M -module on N is equivalent to giving a V-algebra structure on A ® 
M (B N such that the following conditions hold: 

(i) The imbedding: a i— > o © © makes A a V-subalgebra in A® M (B N . 

(ii) M is a 2-nilpotent ideal in A^M . □ 

Next, we define f2^A, the differential envelope of a T'-algebra A, as the graded 
■p-swper-algebra: fi^A = T^{U^A) . The canonical derivation d : A ^ ^^.^ extends, 
via the Leibniz rule, to a 7^-superalgebra derivation d : fl^A — > fi'+M, such that 
d^ = 0. Thus, rj^A is a differential graded T'-sitper-algebra. Further, there is a 
natural P-superalgebra imbedding j : A = fi^A ^ Lemmas 121.1.11 and 

121.1.41 imply that this imbedding has the following universal property, cf. [Ko2] 
and [KR]: given a differential graded T'-superalgebra B and a graded P-algebra 
morphism f : A ^ B, there exists a unique morphism ri(/) : J^^A — > B of 
differential graded 7^-superalgebras, such that: / = ri(/)o j . 
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Proposition 21.1.7 f|Gi|. Proposition 5.6). (i) There is a natural super- differential 
d : i^^A — > O'+^A, = 0, such that its restriction A — fl^A fl^A coincides 
with the canonical A-module derivation d : A Q.^A. 

(ii) The differential graded V-superalgebra {U,' A , d) is the differential envelope 
ofA. □ 

We set 9*^ — Hom^^^j(ri*yl, A), and call the k-vector space 9pA := 
Hom^^^j (ri^^ , v4) the space of p-polyvectors on A. 

Definition 21.1.8. |Ba| A k-vector space is called a right A-module if it is a right 
U^A-module. 



Assume from now on that P is a Koszul operad, and write V' for the qua- 
dratic dual operad, see [GiK]. Following [GiK, §4.2], [KV] and [Ba, §4], one defines 
Hochschild homology, H^{A, N), of A with coefficients'^ in a right A-module N. To 
this end, write sign for the 1-dimensional sign-representation, of §„, and given an 
§„-module E, set E'^ :— Homiij;(£^,k)(g)sign. We define H'^{A,N) as the homology 
groups of the differential graded vector space: 

Cr(A,7V) = ar(A,7V) , C:{A,N) = N ®, P'H^ A^\ (21.1.9) 
ji>i 

As was pointed out in [Ba, Prop. 4.5.3], for any right A-module N, there is a 
natural isomorphism: Hi' {A, N) ~ N ^u^A ^l,A ■ In particular, for N — U^A, the 
enveloping algebra of A regarded as a right A-module, one obtains an isomorphism 
of left A-modules: 

n^A ~ Hf{A,U'^A), (21.1.10) 
where the left A-module structure on the RHS is induced by the left A-module 
structure on U^A. 

The right A-module structure on the enveloping algebra U^A enables us to form 
the chain complex, see (I21.1.9|l and [Ba, §5]: 

B^A = Cr(A, Z^^A) = {U^A ®, V-in)-' 0,^ A®") . (21.1.11) 

n>l 

Further, the left A-module structure on U^A makes B^A into the following aug- 
mented complex of left A-modules: 

. . . Bf A — > Bf_iA — > ... — > B^A — > Bf A ^ fl^A , (21.1.12) 

Here the augmentation: A il^ A is induced by the tautological map: B^A = 
U^A (g)^ V'{lY (^t ^ U^A (X) A , using the observation that the image of the 

morphism: B2'A — > Bf A is the submodule of B^A = A generated by all 

the elements of the form: d(/z(ai, 02)) — u{fi, ai)®da2 — u{ijS^'^\ 02) ® dai , which is 
exactly the kernel of the projection: U^A ® A -» A , see relations of condition 
(ii) in the definition of il^A. 

In the associative case the complex B^A is essentially the standard Bar-resolution 
of the algebra A viewed as an A-bimodule. In particular, for an associative algebra 
A, the bimodule Coker(B^A — > Bf A) coincides with: Coker(A'^4 — > A®^) ^ 



'in [GiK, §4.2] only tlie case of trivial coefficients has been considered 
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which is equal, due to the exactness of the bar-resolution, to Ker(A (g) A — > A) . 
For this reason, given an algebra A over a general operad V, we will refer to B^A, 
or to the complex H21.1.12|l . as the Bar-complex of A. 

Similarly, there is a notion of co-homology, H^{A, M), with coefficients in a left 
A-module M, see [KV], and one has: Viei:^{A,A) ~ H}p{A,A). 

Proposition 21.1.13. For any V-algebra A and an A-module M there is a canon- 
ical isomorphism: 

H; {A, M) ~ W (Hom,_^„, (6^/1, M)) , Vz > 1 . 

Proof. See [Ba, Proposition 5.2]. □ □ 

Conjecture 21.1.14. If 7^ is a Koszul operad, then B^A is a resolution of the left 
A-module 51^ A; equivalently, and one has: Hi{B^A) = , Vi > 1 . 

The Conjecture would imply the following result. 

Corollary 21.1.15. We have: loT^ ' {W^A, A) ^ , for all i > 0, and also: 

H:_^,{A, N) c Torf " {N, nl A) , H;+' {A, M) c Ext^^^ (n^ A, M) , 

for any right A-module N and left A-module M . □ 

Conjecture 21.1.16. There is a natural differential graded space morphism: VL'^A — 
C^iA^A). 

Following Grothendieck and Quillen, see [CQ], we introduce 

Definition 21.1.17. A T'-algebra A is said to be formally-smooth if it satisfies the 
lifting property with respect to all nilpotent ideals, that is any T'-algebra homomor- 
phism: A ^ R/I can be lifted to a P-algebra homomorphism: A ^ R, provided / 
is a nilpotent ideal in B. 

Proposition 21.1.18. An algebra A over a Koszul operad V is formally- smooth if 
and only if the following two conditions hold, cf. [GrJ: 

(i) ^^A is a projective left A-module; 

(ii) For any presentation A — R/F where R is a free V-algebra, the morphism 

J below, induced by the canonical map: I ^ R ^^-R; injective, i.e., the 

following canonical sequence is exact: 

— > ^ U'^A(g} ^ n^R — > n^A — > 0. 
Proof See [Gr]. □ 

Note that it has been shown in [CQ] that condition (ii) above automatically 
holds in the associative case (of course, it is not automatic in the associative com- 
mutative case, see [Gr]). 
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Proposition 21.1.19. The following 3 properties of a V-algehra A are equivalent: 

(i) The left A-module ^^A is projective. 

(ii) Any V -algebra extension: I ^ R A , where I is a 2-nilpotent ideal in 
R has a V-algebra splitting A s- R, that is: R ~ A\^I. 

(iii) For any left A-module M we have: H^{A,AI) = 0. 

Proof. It has been shown in [Ba, Theorem 3.4.2] that 2-nilpotent T'-algebra exten- 
sions: I ^ R ^ A are classified by the 2-d cohomology group: H^{A,I). This 
proves that: (u) (iii). Further, by CoroUarv [^1.1.151 we have: H^{A,I) = 

Extl^^^in^A, M) . Thus, (i) ^ (ih). □ 

Proposition 21.1.20. If A is a formally- smooth V-algehra, and M a projective 
A-module, then the V-algebra TaM is formally-smooth. 

Proof. Copy the proof in [CQ, Proposition 5.3(3)]. □ 
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